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Abstract

The primary objective of this project is to conceptualize and construct an ultrastable optical

cavity. The cavity is intended to serve as a frequency reference to a laser operating at 698

nm. The laser will be used to interrogate strontium atoms in a 1D optical lattice clock that

is currently under development in the group. The objective for building this cavity is to

provide the clock laser a short-term frequency instability of σy < 3 ·10−16 at 1 s, limited by

the thermal noise floor of the cavity.

In this work, we focus on designing a 30 cm long ultrastable cavity. We highlight the

current limitations of modern cavities that impede the reduction of the thermal noise floor.

To ensure that the cavity reaches its projected thermal-noise-floor it needs to be made

insensitive to external influences. The mechanical instability was investigated using finite

element method (FEM) analysis in COMSOL. An optimal spacer diameter of 8 cm was

identified and the optimal positions of the supporting points were determined at dx = 61.35

mm and dz = 3.75 mm. This resulted in the following gradients of the acceleration and

tilt sensitivities δkz
δdz = 7.3 ·10−11 g−1 mm−1, δκz

δdx = 7.0 ·10−11, δκy
δdx = 7.3 ·10−11 and δκx

δdz =
−8.1 ·10−11 g−1 mm−2. Additionally, a design of a self-balancing structure is developed for

mounting the cavity.

The thermal sensitivity of the cavity was investigated by creating a model that defines

an effective coefficient of thermal expansion. The relative cavity length change ∆L
L was sim-

ulated at differing temperatures in COMSOL. The zero-crossing temperature shift caused

by the fused silica mirror substrates was investigated by attaching ULE annuli to the back

side of the mirrors.

Furthermore, the effectiveness of a three-layer aluminium heat shield design for hous-

ing the cavity was simulated. Initially, a theoretical framework is established that de-

scribes the radiative and conductive heat transfer. An expression for the time dependent

temperature variation for both the three heat shields and the cavity was found. A geomet-

rical model of the heat shields encasing the cavity was made in COMSOL and the time

dependent radiative heat transfer response was computed. Finally, to conclude we present

a preliminary design of the complete optical setup surrounding the cavity that includes

the Pound-Drever-Hall (PDH) laser stabilization, fiber noise cancellation, active residual

amplitude modulation (RAM) suppression and power stabilization.
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1 Introduction

For as long as humans have been interested in the keeping of time, it has been quantized by

measuring in units of repeating periodic events. Historic civilizations kept time by diurnal

changes, based on Earth’s rotation and its periodic orbit around the sun. Due to technological

advances in recent times, the keeping of time on a much shorter timescale has become more

and more important. Mechanical timekeepers like the pendulum clock, based on the physical

swinging of a pendulum, were replaced by quartz clocks that were able to oscillate in the Giga-

hertz range, during the beginning of electronic timekeeping. This advancement in timekeeping

was sufficient to show that Earth’s rotation is not constant, limiting the ability to keep time

based on Earth’s rotation to milliseconds [1].

Already in 1879 James Clark Maxwell realized the potential of atoms to serve as a natural

standard of time, due to their "likeliness in every physical property" and availability in practi-

cally "infinite numbers" [2]. This embodies the desire of physicists at that time to standardize

the unit of time. Unbeknownst to Maxwell, his suggestion would become prophetical. With the

development of quantum mechanics and advances in the understanding of atomic physics at

the start of the twentieth century, the General Conference on Weight and Measures (CGPM)

defined the SI unit of time on the frequency corresponding with the hyperfine splitting of the

cesium-133 atom in its groundstate in 1967.

Over the following decades, atomic clocks using the microwave transition of cesium con-

tinued to improve in their fractional frequency uncertainty with approximately one order of

magnitude per decade. Especially the implementation of laser cooling proved essential for

reducing systematic uncertainties due to lower atomic temperatures [3; 4; 5; 6]. In the last

decade, atomic species with clock transitions that operate at optical frequencies have been

chosen as better candidates for time and frequency references.

Optical atomic clocks differ from microwave clocks by operating on optical transitions with

frequencies of hundreds of Terahertz. This offers several orders of magnitude gain in terms of

fractional frequency instability. Hence, the SI second is likely to be redefined with more con-

tributions of optical atomic clocks in Temps Atomique International (TAI) [7]. Enhancements

in frequency standards have facilitated the advancement of technologies like global navigation

satellite systems (GNSS) and geodesy [8]. Furthermore, these improvements have played a

pivotal role in fundamental physics research, investigating phenomena such as relativity [9],

variations in the fine-structure constant α [10], and the proton-to-electron mass ratio µ [11].

One of the crucial components to create an atomic clock is a stable local oscillator. In

an optical atomic clock, a frequency-stabilized laser fulfils the role of a local oscillator. The

frequency of the laser is stabilized to the resonance frequency of an ultra-stable optical cavity,
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which consists of two highly reflective mirrors attached to the ends of a spacer. When the laser

is locked to the cavity resonance, the optical path length stability of the cavity is translated

into the fractional frequency instability of the laser. Unfortunately, the cavity is susceptible

to several environmental perturbations that can alter the effective optical path length of the

cavity e.g. temperature and pressure fluctuations, vibrations and variations of the refractive

index. To create a stable cavity that is insensitive to temperature fluctuations, the spacer

can be made out of ultra-low-expansion (ULE) glass and the cavity can be encased in actively

temperature-stabilized heat shields. By placing the cavity on an active vibration isolation

platform with careful design of the cavity mounting, the vibration sensitivity can be minimized.

When environmental perturbations are sufficiently suppressed, the cavity length fluctua-

tion can attain a fundamental instability limit, referred to as the thermal-noise floor. Thermal

fluctuations cause unavoidable variations of the dimensions of the constituents of the cavity.

For modern state-of-the-art cavities operating at room temperature, the dominant contribution

of thermal noise arise from the Brownian noise of the highly-reflective mirror coatings, which

often have a thickness of only several micrometres [12]. Currently, the best-performing cavities

that operate at room temperature, are long extended cavities. These cavities incorporate spac-

ers made from ULE glass and extend close to 50 cm in length. Laser that have been locked to

such cavities have shown to achieve fractional frequency instabilities down to σy ≈ 1 to 2·10−16

at 1 s [13; 14].

Exploring ways to further reduce the thermal-noise floor of cavities have gained signif-

icant attention. Alternative coating materials with lower mechanical loss factors are being

developed such as crystalline mirrors made from Al0.92Ga0.08As/GaAs multilayers [15]. Ad-

ditionally, operating at lower temperatures presents another strategy for reducing thermal

noise. Recent advancements in cavity technology have demonstrated that cavities constructed

from mono-crystalline silicon and operated under cryogenic conditions can help achieving ultra-

stable lasers with low fractional frequency instabilities, reaching approximately σy ≈ 4 ·10−17

at 1 s [16; 17].

The objective of the research outlined in this thesis is to design and construct a cavity

suitable for room temperature operation, aiming to achieve thermal-noise-limited performance

for a clock laser for strontium with fractional frequency instability σy < 3 ·10−16 at 1 s.

Outline of the thesis

• Chapter 2: Presents the necessary theoretical background about the workings of a

Fabry-Pérot cavity and shows how laser stabilization with the Pound-Drever-Hall (PDH)

method works. Further, we show how to characterize frequency instability and how to

evaluate it using a three-cornered hat (TCH) comparison. In addition, we present rele-
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vant noise sources like residual amplitude modulation (RAM) and fiber noise and discuss

schemes on how to combat them.

• Chapter 3: Chapter 3: Lists various crucial aspects influencing cavity design. Firstly,

it offers a comprehensive assessment of thermal noise and its constituent factors. Sub-

sequently, it delves into diverse strategies for mitigating the impact of thermal noise,

encompassing the selection of appropriate cavity materials and optimal mirror configura-

tions. Secondly, ensuring the cavity attains its thermal-noise-limited performance neces-

sitates insensitivity to vibrations and temperature fluctuations. Utilizing FEM software,

mechanical instability is simulated, leading to the identification of optimal cavity geom-

etry and support placements. The chapter introduces a self-balancing three-point mount

for the cavity. To enhance comprehension of the cavity’s thermal susceptibility, pertinent

heat transfer mechanisms are discussed, alongside the introduction of a three-layer heat

shield design. Lastly, the influence of a ULE annulus on cavity length is showcased.

• Chapter 4: Presents the proposed experimental setup of the new 30 cm ULE cavity,

including: the PDH laser stabilization, fiber noise cancellation, active RAM suppression

and power stabilization.

• Chapter 5: Gives an overview of the obtained cavity design and presents an outlook of

what is left to be done to have the cavity operational and optimized.
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2 Theoretical background

2.1 Optical atomic clocks: basic framework of operation

The measurement of time has traditionally involved counting cycles of a recurring event. To

establish a reliable standard for frequency, a periodic signal is required, characterized by a

consistently stable frequency that remains universal across both space and time. An atomic

frequency standard is based on the frequency difference between two energy states of an atomic

sample. To effectively transmit time and frequency data, an auxiliary local oscillator comes into

play, responsible for continuously engaging with the atomic sample to track its resonance. In

optical atomic clocks, this role is fulfilled by a laser. Initially, the laser is locked to one of the res-

onance frequencies of an ultra-stable optical cavity, delivering frequency stability over shorter

timespan. The cavity-stabilized laser then interrogates the atoms, providing a measurement of

the transition probability. Feedback is provided to the laser frequency to keep it locked to the

atomic transition frequency where the transition probability is maximal. Ultimately, to create

a functional clock, the local oscillator’s oscillations must be quantified. This process involves

converting the optical frequency, often in the hundreds of Terahertz range (∼ 1014 Hz), into

an electronically countable microwave frequency using an optical frequency comb. Figure 1

presents an overview illustrating the operational principles of a passive optical atomic clock.

Ultrastable optical cavity

Short-term reference

Clock
Laser

Local oscillator

698 nm Sr atoms in 1D optical lattice

Atomic reference

PDH lock

Fast frequency 
feedback

Interrogation

Slow frequency 
feedback

Frequency comb

Counter

RF electronics

Figure 1: Overview of the general operation of a passive optical atomic (lattice) clock. The local

oscillator is locked using the Pound-Drever-Hall scheme to an ultrastable optical cavity that

provides fast-frequency feedback to the clock laser. The laser interrogates the atomic reference,

here depicted as strontium atoms in a 1D optical lattice. The interrogation sequence provides

a slow feedback to keep the local oscillator locked to the atomic transition. The number of

oscillations is tracked using a optical frequency comb (OFC) that converts the optical frequency

down to the microwave regime.
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The performance of an atomic frequency standard is dependent on the quality of the local

oscillator that probes the clock’s atomic reference transition. To understand the stability of

optical atomic clocks we need to be able to describe the frequency instability of an oscillator.

Therefore, we start off by providing the necessary tools to characterize frequency instability.

2.2 Evaluation of frequency instability

For an ideal oscillator with amplitude E0 and frequency ν0, if the phase and amplitude are

known at some point in time, its behaviour can be predicted for any time in the future. Un-

fortunately, for a real oscillator, the amplitude and phase fluctuations due to noise processes

give rise to some uncertainty in these predictions. To be able to characterize the influence of

these noise processes on the frequency stability of our laser, we need to quantize the frequency

fluctuations. The instantaneous laser frequency is given by

ν(t)= ν0 + 1
2π

dφ(t)
dt

, (1)

where ν0 is the mean frequency of the oscillator. So deviations of the instantaneous frequency

from the mean frequency can be denoted as

∆ν(t)= ν(t)−ν0 = 1
2π

dφ(t)
dt

, (2)

where the frequency deviation ∆ν(t) is purely dependent on the time-derivative of the oscillator

phase φ(t). To fairly compare the frequency noise among oscillators with different absolute

frequencies, we normalize the frequency fluctuations, which gives

y(t)≡ ∆ν(t)
ν0

, (3)

where y(t) denotes the fractional frequency fluctuations. The fast frequency fluctuations are

typically described in the frequency domain using the power spectral density (PSD) Sν( f ). The

PSD of frequency fluctuations gives a noise spectrum and measures the distribution of energy

in (Fourier) frequency space with units of [Hz2/Hz]. The PSD of phase fluctuations Sφ( f ) can

be related to that of frequency fluctuations Sν( f ). Both Sφ( f ) and Sν( f ) can be converted to the

PSD of normalized frequency fluctuations Sy( f ) as

Sy( f )= Sν( f )
ν2

0
= f 2

ν2
0

Sφ( f ), (4)

where f is the Fourier frequency. The normalized frequency noise spectrum can be classified

into different types of noise using the following power law approximation

Sy( f )=
2∑

α=−2
hα f α, (5)
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where different regions of the noise spectrum can correspond to different scaling with the ex-

ponent α, indicating a characteristic f α noise dependency. The different types of noise are

classified by the values of the exponent α and are shown in table 1 [18].

Noise Type PSD Sy( f ) AVAR σ2
y(τ)

Random Walk FN h−2 f −2 2
3π

2h−2τ

Flicker FN h−1 f −1 2ln(2)h−1

White FN h0
1
2 h0τ

−1

Flicker PN h1 f 1 1.038+3ln(2π fHτ)
4π2 h1τ

−2

White PN h2 f 2 3 fH
4π2 h2τ

−2

Table 1: Behavior of the Allan variance (AVAR) of the fractional frequency fluctuations for dif-

ferent power spectral densities (PSD) of typical sources of frequency and phase noise, denoted

as FN and PN respectively [18].

A more common approach to characterize the stability of an oscillator over time is the

Allan deviation σy(τ). Consider the frequency evolution of our laser in time ν(t), which can be

measured with a frequency counter that gives a frequency average νi over an averaging time

window of τ. Therefore,

νi = 1
τ

∫ ti+τ

ti

ν(t) dt. (6)

Usually, the standard deviation for N samples is a measure of how dispersed the data is com-

pared to the mean. Hence, the information of the frequency fluctuations of the laser between

different averaging times remains hidden. Such frequency fluctuations and their origin is cru-

cial information we aim to obtain. Now, instead of comparing the frequency data to the mean

laser frequency, the differences between adjacent frequency data points can be considered. The

difference between successive averaged frequency data points will contain an averaging time-

dependent measure of the frequency fluctuations. The AVAR is in this case, given by

σν(τ)2 = 1
2(N −1)

N−1∑
i=1

(νi+1 −νi)2, (7)

where the Allan deviation (ADEV) becomes

σν(τ)≡
√
σ2
ν(τ). (8)

Finally, we express the ADEV of fractional frequency fluctuations y(t) as

σy(τ)= σν(τ)
ν0

. (9)
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By measuring with small averaging time τ, one is able to identify high-frequency noise

that acts on a short timescale, while for long τ, low frequency drifts like temperature fluctua-

tions play a bigger role. It is also possible to calculate the Allan deviation from the measured

noise PSD. The PSD can be determined by taking the Fourier transform of the autocorrelation

function of frequency fluctuations ∆ν(t), this is highlighted in more detail in appendix A.

The one-sided PSD Sy( f ) in the frequency domain, can be converted to AVAR σ2
y(τ) in the

time domain, using

σ2
y(τ)= 2

∫ ∞

0
Sy( f )

sin4(π f τ)
(π f τ)2 d f , (10)

however, it is in general not possible to calculate the PSD from the ADEV [18]. Additionally, the

ADEV doesn’t allow the flicker phase noise and white phase noise to be distinguished from one

another, since both give the same scaling σy(τ)∝ τ−2, as is shown in table 1. To get around this,

multiple alternatives to the Allan variance exist. The definitions of a few that are commonly

used (e.g. modified ADEV) are denoted in appendix A.

Now we have gained insight into how to express frequency instability of oscillators, we

will present the limitations of the fractional frequency instability of optical clocks and provide

motivation for the use of ultrastable optical cavities for building an optical atomic clock.

2.3 Stability of optical clocks

The fundamental stability limit of an optical atomic clock is given by the quantum-projection

noise (QPN) floor. QPN is a consequence of the repetitive projective measurement of the atom’s

quantum state [19].

For an optical atomic clock operating on an atomic transition with absolute frequency ν0

and linewidth ∆ν, interrogating N atoms, the QPN-limited fractional frequency instability is

given by

σy(τ)= κ∆ν
ν0

1p
N

√
Tc

τ
, (11)

where Tc is the total cycle time of the clock including dead time, τ is the averaging time and κ is

a factor that depends on the exact interrogation scheme used. Clearly, the QPN-limit averages

down with the square-root of the number of atoms that are being interrogated (∝ 1/
p

N). For

this reason optical lattice clocks offer an advantage over single-ion clocks1. Furthermore, the

QPN limit scales down with an increasing averaging time (∝ 1/
p
τ). Unfortunately, a major

limiting factor in achieving such desired stability of the clock is the coherence of the local oscil-

lator. Frequency noise of the interrogation laser can prevent the atomic clock from reaching a

1Single-ion clocks do have the benefit that the ion often remains trapped after an interrogation cycle while a

neutral ensemble is usually lost, requiring the preparation of a new ensemble.

11



QPN-limited instability. The low frequency fluctuations and drifts of the laser are corrected by

interrogating the atoms and feeding the proper frequency correction to the laser. However, the

laser has to be immune to the high frequency noise as much as possible in order to be able to

interrogate the atoms. Therefore, to stabilize the frequency of the clock laser and reduce short-

term frequency drifts it is locked to the resonance frequency of an ultrastable optical reference

cavity. In the following section the concept of an optical reference cavity will be discussed.

2.4 Optical reference cavities

In practice, optical reference cavities are ultra stable Fabry-Pérot resonators. To grasp the

fundamental theory of the Fabry-Pérot resonator, we will begin by examining the expressions

for the electric fields of light within and outside a planar cavity. Furthermore, we will evaluate

the stability of a resonator and subsequently, we will introduce a more realistic picture where

a Gaussian beam is coupled into a cavity, leading to transverse spatial modes.

2.4.1 Fabry-Pérot resonator theory

To get familiar with the properties and behaviour of an ultrastable cavity, let’s first consider the

basic Fabry-Pérot resonator depicted in figure 2, which is given by two mirrors separated over

a distance L. An incident monochromatic electromagnetic beam with frequency ω is denoted in

the complex phasor notation as

E I (t)= E0e−i(ωt−k⃗·⃗r) (12)

where r⃗ is the position vector and k⃗ is the wavevector for which |⃗k| = k = 2π/λ = ω/c with λ

the laser wavelength [20]. In each round trip, the light inside the cavity accumulates a phase

factor e−i∆φ, with phase shift ∆φ given by

∆φ= k ·2nL = 2π
λ

2nL, (13)

where n is the refractive index of the medium inside the cavity. The field inside the cavity EC

is given by

EC = t ·E0

∞∑
n=0

(
r2e−iω 2nL

c

)n = t ·E0

1− r2 · e−iω 2nL
c

, (14)

where r and t are the amplitude reflection and transmission coefficients. This equation can

be understood intuitively as a single transmission coefficient to get inside the cavity and the

constructive interference of light waves that keep reflecting within the cavity. The transmitted

field ET can be described using the field that circulates inside the cavity and is given by

ET = EC · e−iω nL
c · t = E0

t2 · e−iω nL
c

1− r2 · e−iω 2nL
c

. (15)
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Figure 2: Schematic overview of the simplified planar Fabry-Pérot resonator of length L, con-

sidering plane waves. The incident and reflected fields are denoted by E I and ER respectively.

The circulating field inside the cavity is given by EC and the transmitted field by ET .

The following transmitted field intensity IT is given by

IT = |ET |2 =
t2E2

0

1+ r4 −2r2 cos(∆φ)
, (16)

which has the profile of an Airy function with maxima for ∆φ= q ·2π with integer q. Rewriting

this in terms of frequency ν gives

ν= q · c
2nL

= q ·∆νFSR , (17)

where ∆νFSR is the free spectral range (FSR), which corresponds to the frequency seperation

between consecutive transmission peaks of the cavity. It is also equal to the inverse of the

round-trip travel time of the light inside the cavity. The linewidth Γ of the cavity is defined by

the full-width at half maximum (FWHM) of the Airy peaks and is given by

Γ=∆νFWHM = c
2nL

1− r2

πr
. (18)

Furthermore, the ratio of the FSR over the cavity linewidth is an important characteristic

cavity parameter called the finesse F and is given by

F = νFSR

Γ
= πr

1− r2 , (19)

which is approximately π/(1− r2) for mirrors with high reflectivity (r ≈ 1). For a high finesse

cavity, the transmission peaks are narrow compared to the FSR, such that the FP etalon essen-

tially creates a narrow optical filter. The field that is reflected from the cavity ER is the sum
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of the direct reflection and the leakage beam from the intra-cavity field. The reflected field is

given by

ER =−rE0 +E0
t2r · e−iω 2nL

c

1− r2 · e−iω 2nL
c

. (20)

When the cavity is on resonance the amplitudes of the two contributions are of equal amplitude

but of opposite phase, such that they destructively interfere, resulting in no reflected light

from the cavity. When the cavity is near resonance, the phase of the reflected light field will

depend greatly on the laser detuning ∆ν from resonance, which will show to be very useful for

stabilizing the laser frequency to the cavity resonance as is discussed further in section 2.5.

Although the idealized scenario of plane waves traveling along the optical axis within a planar

cavity is useful for understanding, it doesn’t precisely represent a realistic cavity due to the

infinite extension of plane waves in the transverse direction. In addition, a planar cavity will

be very sensitive to misalignment, since a slight angle of the input beam will keep reflecting

away from the optical axis until it is lost from the cavity completely. For this reason, a more

realistic cavity, that is geometrically stable, needs to be considered.

2.4.2 Resonator stability

The geometrical stability of a Fabry-Pérot cavity can be parameterised using the cavity’s g

factor, which is given by

g ≡ g1 g2 =
(
1− L

R1

)(
1− L

R2

)
, (21)

where g1,2 is the g factor of the individual cavity mirrors, which is dependent on the mirror’s

radius of curvature (ROC) R1,2 [21]. For a stable cavity, the g factor should obey the stability

criterion: 0 ≤ g ≤ 1. This g factor can be interpreted as the magnification that an optical beam

experiences after a round trip in the cavity. This criterion then implies that the optical beam

should stay finite in size, even after several round trips. Figure 3 shows the resonator stability

as a function of g1 and g2. A more in depth analysis of the cavity’s geometrical stability and

sensitivity to misalignment as a function of its g-factor is done in section 3.3.3. Now we have

introduced the concept of a stable cavity and its g-factor, we can step away from the simplified

plane wave picture, and introduce a more realistic one described with Gaussian beams.

2.4.3 Longitudinal & transverse modes

For a Gaussian beam that is confined in the cavity, the curvature of the wavefront should match

the ROC of the mirrors. The beam radius at the cavity mirror surfaces, also referred to as beam

spots w1,2, is dependent on the chosen mirror configuration and radii of curvature. The beam
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Figure 3: Resonator stability diagram. The shaded colored area satisfies the stability criterion

0≤ g ≤ 1.

spot sizes can be calculated using propagation laws for Gaussian beams and are given by

w2
1 =

λL
π

√
g2

g1(1− g1 g2)
and w2

2 =
λL
π

√
g1

g2(1− g1 g2)
, (22)

where the beam radius w1/2 denotes the radius for which the laser intensity has fallen off to

1/e2 of the intensity at the beam center [21].

Besides the fundamental Gaussian mode, other optical modes can also form a stable cav-

ity. Namely, the higher-order transverse electromagnetic modes TEMmn, where m and n are

integer mode numbers (m,n = 0,1,2, ...). These higher-order modes have a spatial-field distri-

bution given by Hermite-Gauss functions, the product of a Hermite polynomial and a complex

Gaussian function. Because of the transverse spatial confinement of the beam, the transverse

momenta will be spread out, which creates a phase shift ζ compared to the fundamental mode

[22]. This lag in phase is called the Gouy phase shift ζ and for a Fabry-Pèrot cavity it is given

by

ζ= 2arccos(±pg1 g2). (23)

The additional phase shift that a higher-order m,n mode accumulates is then given by ∆φmn =
(m+n)ζ. The frequency offset of the higher-order mode from the fundamental mode is given by

∆νmn = ∆φmn

2π
·∆νFSR = (m+n) · 1

π
arccos(±pg1 g2) ·∆νFSR , (24)
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from which we can see the transverse mode separation frequency ∆νTEM =∆νmn/(m+n). Now

for a given longitudinal mode q, with frequency spacing ∆νFSR and transverse mode m,n, the

resonance frequencies are shifted compared to the simplified planar Fabry-Pérot cavity with

νmnq =∆νFSR

(
q+ (m+n+1)

π
arccos(±pg1 g2)

)
. (25)

If a higher-order mode is close to resonance at the same frequency as a fundamental mode, it

is called higher-order mode degeneracy. This can create unwanted distortions in the beam and

pull optical power from the fundamental mode. Furthermore, it can make it harder to stabilize

the laser frequency to the cavity resonance, degrading the laser stabilization performance.

With a more in-depth theoretical understanding of optical cavities out of the way, lets look

at how to actually lock the frequency of a laser to a cavity and consider which noise sources

should be actively suppressed.

2.5 Laser stabilization to an optical cavity

In order to transfer the cavity’s length stability ∆L
L to the laser’s frequency stability ∆ν

ν
, the

laser frequency needs to be locked to one of the cavity resonances. There exist several different

techniques to stabilize the frequency of a laser to the resonance of an optical cavity. These tech-

niques rely on comparing the laser’s frequency with the resonance of the cavity and generating

an error signal to provide feedback to the laser to suppress fluctuations in frequency [23]. The

error signal can be generated from either the transmitted or reflected light from the cavity.

Using the transmitted light one can directly lock to the side of a transmission fringe where the

slope of the transmission peak converts frequency fluctuations into amplitude fluctuations in

a so-called side-of-fringe lock. Whilst this method is elegant due to its simplicity, it has some

notable drawbacks [24]; First of all, the bandwidth of the lock is limited to the linewidth of the

cavity. Second, the technique is modulation-free, which means the error signal is detected at

DC where there is more amplitude noise. Third, if the lock is perturbed and jumps to the other

side of the resonance, the servo loop will push the laser away from the resonance, making it

less robust. Fourth, the lock operates on the side of the resonance, so there will be less optical

power in the cavity compared to the center of resonance, thus decreasing the signal-to-noise

ratio of the transmitted light. Fortunately, there exist other approaches which use light that

is reflected from the cavity to stabilize the laser frequency, such as the Hänsch-Couillaud (HC)

[25] and the Pound-Drever-Hall (PDH) [23] technique.

The HC technique makes use of a polarization-dependent cavity resonance and derives its

error signal from the polarization of the back reflected light, which again is detected at DC,

making it sensitive to technical noise from the laser and photodetector. The PDH method cir-

cumvents all the aforementioned disadvantages and prevails over the HC technique by making
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Figure 4: Schematic overview of the Pound-Drever-Hall locking technique. The local oscillator

(LO) provides a modulation signal to the electro-optic modulator (EOM) for phase modulation,

creating sidebands in frequency. The beat signal between the reflected sidebands and carrier

is detected on a photodiode (PD). A portion of the LO signal is phase shifted and mixed with

the beat signal to demodulate the signal. A low-pass filter (LPF) ensures that only the phase

noise error is passed to the PID, from which the feedback signal is fed to the laser. Note that

for a cavity with a polarization-dependent resonance, a Faraday rotator can be implemented

instead of the quarter-waveplate (λ/4) in front of the cavity.

use of large modulation frequencies, avoiding detection at DC, making it insensitive to techni-

cal noise and thus it is the best option to create an ultrastable laser.

2.5.1 Pound-Drever-Hall locking

The PDH technique makes use of the phase of the light that is reflected from the cavity to

generate an error signal. The phase of the reflected light shows a jump in phase depending on

the sign of the detuning from the cavity’s resonance as is depicted in figure 5b. The phase of

the reflected light is antisymmetric across the cavity’s resonance, making it possible to decide

which side of the cavity resonance the laser’s frequency is on. Unfortunately, a photo detector

only measures the intensity of the light which does not contain the phase information explicitly.

So an indirect determination of the phase needs to be employed. This is realised in the PDH

method by phase-modulating the input light with an electro-optic modulator (EOM). The EOM

is driven by a radio frequency signal to achieve a modulation frequency of Ωm and modulation
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depth β. A schematic overview of the PDH locking setup is depicted in figure 4. The light

incident on the optical cavity is given by

E I (t)= E0ei(ωt+βsinΩm t), (26)

where ω= 2πν. When the modulation depth is small β< 1, most of the optical power is concen-

trated in the carrier and the first sidebands. The incident field can be rewritten using Bessel

functions Jn(β) as

E I (t)≈ E0[J0(β)eiωt + J1(β)ei(ω+Ωm)t − J1(β)ei(ω−Ωm)t]. (27)

Now it is clear that the incident field consists of a carrier at the laser frequency ν and two

sidebands at a frequency of ν±Ωm/2π. If the modulation frequency is chosen to be much

larger than the cavity linewidth Ωm ≫ Γ, at resonance the carrier light is coupled into the

cavity while the sidebands will be off-resonance and are directly reflected from the first cavity

mirror. The light of the reflected sidebands now provides a phase reference for the carrier light

that reflects from the cavity if the carrier is slightly off from the resonance center frequency

by ∆ν = ν−ν0. The difference in phase between the reflected sidebands and reflected carrier

creates a modulation in the light intensity detected with a photodiode. The power of carrier

and sidebands can be calculated with the reflection function R(ω), which for a symmetric and

lossless cavity is given by

R(ω)= ER

E I
= r

(
eiω/∆νFSR −1

)
1− r2eiω/∆νFSR

, (28)

which has a Lorentzian shape if the detuning is small compared to the free spectral range

∆ν≪ ∆νFSR . The normalized amplitude of the reflection function and its phase are depicted

in figure 5.

To create the error signal, the phase of the carrier needs to be related to the phase of the

first-order sidebands in the beat signal of the reflected field. By applying R(ω) to our incident

light the reflected power can be derived2 and it is given by

PR ≈ 4Pc

(
∆ν

Γ

)2
+2Ps −8

√
PcPs

(
∆ν

Γ

)
sin(Ωmt)−2Ps cos(2Ωmt), (29)

where Pc = J0(β)2P0 and Ps = J1(β)2P0 are the power in the carrier and first-order sidebands

respectively [26]. Now it is important to note that the reflected power PR has a term that

oscillates at the modulation frequency Ωm that corresponds to the beating of the sidebands

with the reflected carrier and its sign changes depending on which side of the cavity resonance

the laser frequency is. The term that oscillates at 2Ωm corresponds to the beating of the two

sidebands with each other and is not of interest to us. The beat signal can be fed to a mixer

2For a more detailed derivation see the introductory paper on PDH locking by Black [26].
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Figure 5: (a) shows the normalized cavity reflection coefficient |R(ω)| and (b) the phase of R(ω).

For a cavity with a length of L = 30 cm and a finesse of F = 100,000.

where it is demodulated with a phase-matched signal from the same local oscillator that drives

the EOM at the modulation frequency Ωm, as is shown in figure 4. Next, the signal is low-pass

filtered to get rid of the cos(2Ωmt) term. This will produce an error signal ϵ close to the cavity

resonance (∆ν≪Γ). The error signal is proportional to the frequency detuning from resonance

∆, with an approximately linear slope D given by

ϵ(∆ν)≈ D ·∆ν=−8
√

PcPs∆ν

Γ
. (30)

A steeper slope corresponds to a better error signal since it is more sensitive to frequency

fluctuations which are converted into an electronic signal. An example of a PDH error signal

is depicted in figure 6.

In general, it is not possible to distinguish noise sources in the error signal, either coming

from the laser frequency fluctuations or from optical path length fluctuations of the cavity.

Therefore considering the cavity noise, the error signal near resonance is given by

ϵ(∆ν)≈−8
√

PcPsν0

Γ

[
∆ν

ν0
+ ∆L

L

]
. (31)

In practise, the servo loop ensures that the fractional frequency deviations from cavity

resonance ∆ν
ν0

is much smaller compared to the fractional optical path length fluctuations of

the cavity ∆L
L . Therefore, the fractional frequency instability of the laser will be given by the

length stability of the cavity as
∆ν

ν0
=−∆L

L
. (32)

Unfortunately, there are noise sources that degrade the quality of the error signal and
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Figure 6: The normalized Pound-Drever-Hall error signal ϵ(ω). For a modulation frequency

Ω= 1% ·∆νFSR ≈ 5 MHz, β= 1.08, L = 30 cm and a cavity finesse of F = 100,000.

require active suppression, namely the residual amplitude modulation that is induced by the

phase modulator.

2.5.2 Residual amplitude modulation

The error signal in the PDH technique should be equal to zero when the cavity is on resonance.

When the symmetry around the carrier is broken, due to unequal magnitude in the sidebands,

phase asymmetry or a combination of both, this leads to a DC offset of the locking point of

the error signal [27]. The PDH servo loop will try to correct this DC offset by pulling the

laser frequency away from the cavity resonance. If there is a perturbation that breaks this

symmetry that is changing in time, this DC offset will also fluctuate in time, degrading the

laser stabilization performance. The main time-dependent distortion of the symmetry of the

sidebands comes from residual amplitude modulation (RAM).

There are multiple sources that can cause RAM. Such as the natural birefringence of the

EOM crystal, if the polarization of the input light is not exactly aligned with the modulation

axis of the EOM, a phase shift between the two optical field components will be induced that

occurs at the modulation frequency of the EOM [28]. The polarizing beam splitter after the

EOM will convert this into amplitude modulation of the light. Furthermore, the birefringence

of the electro-optic crystal is in general dependent on temperature, so to minimize RAM fluc-
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tuations the EOM should be temperature stabilized. Another source of RAM are parasitic

etalons between the EOM and other optics in the optical path [29]. Etalons have a frequency-

dependent amplitude and phase response that affects the sidebands differently. This effect

can be suppressed by using anti-reflection (AR) coatings and slightly tilting optics in the beam

path. Backscattering can also occur within the EOM crystal itself, for this reason, the EOM end

facets can be cut at the Brewster’s angle such that there occurs (almost) no internal reflection

[30].

The fractional frequency instability σy induced by RAM can be denoted as

σy(t)=σRAM(t) · Γ
ν

, (33)

where σRAM is the Allan deviation of RAM fluctuations [31]. For a cavity with a linewidth of

Γ = 1.5 kHz and operating at the clock transition frequency for strontium of ν ≈ 429 THz, the

RAM fluctuations need to be below σRAM < 3 ·10−5 to be able to achieve a fractional frequency

instability of σy = 1 ·10−16.

The effect of RAM can be suppressed to below σRAM < 10−6 by implementing an active

RAM stabilization scheme [31; 32]. A schematic overview of an active RAM stabilization setup

is given in figure 7. The amplitude modulation that is induced by polarization modulation can

be controlled precisely by applying a bias DC voltage in addition to the modulation frequency

from the local oscillator via a bias tee. Since the amplitude modulation will be in phase with

the phase modulation signal, the servo loop can suppress the RAM by compensating it with

amplitude modulation with opposite amplitude3.

Now, we have dealt with the RAM induced noise that disrupts the PDH error signal, we

need to suppress any noise that has accumulated while sending the light from the laser to the

cavity and finally to the atomic sample of the clock.

2.5.3 Fiber noise cancellation

To be able to operate an optical clock, the laser light needs to be transferred to the ultrastable

cavity and further towards the atoms in the optical lattice. Additionally, if the stabilized light is

to be compared to other stable sources from other laboratories, it would need to be distributed

over a fiber link [33; 34]. In order to send the light from the laser to any destination, it has to

travel through optical fibers or free space. However, the optical path length is sensitive to envi-

ronmental perturbations, such as fluctuations in temperature and pressure as well as seismic

and acoustic vibrations. These perturbations can cause a change in the geometric path length

directly or cause a change in the refractive index in the medium the light is travelling through.

3A comprehensive explanation of how polarization modulation causes AM and a more thorough derivation of the

RAM servo loop is given in the work of Hageman in appendix A [17].
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Figure 7: Schematic overview of an active RAM stabilization setup (in green). The elements in

blue belong to the PDH locking scheme. The amplitude modulation of light intensity is detected

on a photodiode (PD RAM) and demodulated with a phase-matched copy of the local oscillator

(LO) signal in the mixer. The signal is low-pass filtered and a PI generates an appropriate DC

signal which compensates RAM. The modulation from the LO and DC feedback are combined

in the bias tee and fed to the EOM.

The combination of all these effects adds phase noise to the transmitted light degrading its

stability [35].

For a fiber of length L, refractive index of the core n f , the phase noise is dependent on the

temperature T and pressure P. A changing laser phase in the fiber induces an instantaneous

frequency change ∆ν f given by

∆ν f =
dφ f

dt
= 2π

λ

(
d
dt

[
n f (T,P) ·L(T,P)

])
, (34)

where the fiber length L itself also depends on temperature and pressure due to thermal and

mechanical expansion of the glass core [36]. The variations in refractive index are the domi-

nant contribution, such that the thermal and mechanical expansion term dL(T,P)/dt can be

neglected. The resulting Doppler shift of the light inside the fiber is approximately given by

∆ν f ≈
2πL
λ

[dn f

dT
dT
dt

+ dn f

dP
dP
dt

]
. (35)

So to maintain frequency stability during the transfer of light it is crucial to compensate

for the phase noise that the light acquires between its source and destination depending on

the environmental conditions and distance the light has to travel. This can be achieved by im-

plementing a fiber noise cancellation (FNC) scheme. A schematic overview of the FNC scheme
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is given in figure 8 [35; 37]. In this scheme the frequency of the light is compared before and

after a round trip through the fiber link and the resulting shift in frequency caused by fiber

noise is corrected for. To create a round trip for the light, a partial mirror is placed after the

fiber to form an interferometer. In this Michelson interferometer that is created, the stability

of the short stable arm is transferred to the long arm by stabilizing the phase of the long arm

to the short reference arm with a phase-locked loop (PLL). An acousto-optic modulator (AOM)

is placed in the long arm to compensate for frequency shifts induced by fiber noise fN . The

AOM itself also shifts the frequency by fAOM . Since the back reflected light passes through the

fiber and AOM twice it will accumulate a frequency shift of 2 ·( fAOM + fN ) 4. A photodiode (PD)

measures the beat signal between the light from before and after the round trip. The resulting

beat note will oscillate at 2 · ( fAOM + fN ). To isolate the fiber noise contribution in the beat note

it is demodulated by mixing with a reference signal that has a frequency of 2 fAOM . Next, a PID

continuously compensates this fiber noise fN by changing the driving frequency of the AOM

with a voltage-controlled oscillator (VCO) to f
′
AOM = fAOM − fN , cancelling the fiber noise.

REF VCO
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PID
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Figure 8: Schematic overview of a fiber noise cancellation scheme. The partial mirror back-

reflects a portion of the light, creating an interferometer. A photodiode (PD) detects the beat

signal of the light before and after a round trip. It is demodulated by mixing with a reference

signal at 2 fAOM . A PID adjusts the voltage of the VCO, changing the AOM frequency to correct

for phase fluctuations due to fiber noise.

In addition to the AOM that compensates the fiber noise, a second marker AOM can be

4It is assumed that the round trip fiber noise is equal to twice the one-way trip noise.

23



placed at the end of the long arm after the fiber. This marker AOM shifts the frequency of the

light coming back from the reflecting mirror, such that the reflected light can be more easily

distinguished from any other light coming back due to unwanted reflections from other optical

surfaces.

With the ability of phase-stabilizing fiber-links, we can distribute and compare time and

frequency standards. The light is transferred over optical fiber links that typically operate in

the telecom C-band, a wavelength range of 1530 - 1565 nm. In general, the frequency of the

clock lasers (e.g. strontium has a clock transition at 698 nm) do not fall inside the C band.

Hence, the stability of the clock laser needs to be transferred to another laser that operates in

the telecom C-band. Such a transfer of stability is done using an optical frequency comb (OFC)

in a scheme known as the transfer oscillator scheme.

2.6 Stability transfer using a frequency comb

The scheme to transfer the frequency stability uses a femtosecond frequency comb. A schematic

overview of the frequency comb with the relevant frequencies is given in figure 9. The teeth of

the frequency comb are given by νN = N frep + f0, where frep is the repetition rate of the comb

and f0 is the carrier-envelope-offset (CEO) frequency. The scheme is based on the transfer-

oscillator technique, in which the frequency stability of a master laser with frequency νM ,

is transferred to a slave laser with frequency νS [38; 39]. Both νM and νS must fall in the

spectral range of the OFC, such that the comb can provide a phase-coherent link between the

two frequencies. The transfer of frequency stability is based on the detection of beat notes

between comb modes and the continuous wave (CW) field of the master and slave lasers. These

beat notes contain information about the relative frequency fluctuations between the master

and slave laser. This makes it possible to phase-lock the slave laser to the master laser through

the OFC, transferring the stability of the master to the target slave laser. A schematic overview

of the transfer oscillator technique is given in figure 10 which is explained in more detail in the

following.

The beat notes between the frequency comb and master laser ( fM) and between comb and

slave laser ( fS), are given by

fM = νM −NM frep − f0, (36)

fS = νS −NS frep − f0, (37)

where frep and f0 are technical parameters of the frequency comb and are in principle not

ultrastable. Thus, to be able to determine the beat frequency precisely, the repetition rate

frep and carrier-envelope-offset f0 need to be stabilized to eliminate them from equations for

the beat note frequencies fM and fS. The carrier-envelope-offset frequency f0 can be detected
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Figure 9: Schematic overview of the frequency comb and all the relevant frequencies. The

carrier-envelope-offset frequency is given by f0 and can be determined using the f −2 f inter-

ferometer technique depicted in the gray box. The repetition rate is given by frep and the

master and slave laser frequencies are given by νM and νS respectively.
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Figure 10: Schematic overview of the transfer oscillator scheme. First, the carrier-envelope-

offset frequency f0 is mixed out of the optical beat notes fM and fS. Second, f̃M is multiplied by

a factor of NS/NM using a phase locked DDS. Third, the repetition rate frep is mixed out to be

left with a virtual beat note f t relating the master and slave frequencies fM and fS independent

of any comb parameters.

using the f −2 f interferometer technique [40]. This technique produces a heterodyne beat at

f0 by self-referencing between two ends of the frequency spectrum that the comb spans. Comb

light at the low-frequency end is frequency doubled and interfered with the fundamental light

at twice its frequency, giving the relation

2 ·νN −ν2N = 2 · (N frep + f0
)− (

2N · frep + f0
)

(38)

= f0. (39)

Now it is possible to mix out the CEO frequency f0 out of the optical beat notes fM and fS, the

resulting frequencies are then given by

f̃M = νM −NM frep (40)

f̃S = νS −NS frep. (41)

To eliminate frep, one of the beat notes, either f̃M or f̃S is multiplied by a factor of NS/NM or

NM /NS respectively, using a direct digital synthesizer (DDS). If we choose to phase lock the
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DDS to f̃M and multiply the frequency by NS/NM we get

f̃ ′M = NS

NM
νM −NS frep (42)

The resulting beat notes are mixed to get a repetition rate free expression f t given by

f t = νS − NS

NM
νM . (43)

This expression is independent of any comb parameters f0 and frep and thus free of noise that

is introduced in the stabilization of these parameters. By measuring the ADEV of the virtual

beat note f t the relative frequency instability between the the master and slave laser can be

determined. Finally, to actually transfer the frequency stability, the frequency of the slave laser

νS is locked to the virtual beat note f t, such that the slave laser is forced to follow the residual

frequency fluctuations of the master laser.

To summarize, the frequency comb allows for the transfer of frequency stability from one

oscillator to another, and to measure the relative frequency instability between two oscillators

separated far in frequency. In practice, the stability performance of such oscillators are bench-

marked by comparing three similar oscillators. This is known as a three-cornered-hat (TCH)

comparison.

2.7 Three-cornered hat comparison

In general the frequency instability of an oscillator σA can be determined by comparing the

instability relative to that of a second oscillator σB. The relative instability between the two

oscillators σAB can be obtained by measuring the beat signal with frequency counters giving

σ2
AB =σ2

A +σ2
B − 1

(N −1)

N−1∑
i=1

(
yi+1 − yi

)
A

(
yi+1 − yi

)
B , (44)

where the last term gives the correlation between the two oscillators [41]. Crucially, it is im-

possible to know which of the two oscillators is the limiting factor in the comparison. To get

a valid determination of the frequency stability of oscillator A, the frequency stability of the

reference oscillator B needs to exceed that of A such that σB ≪σA.

For this reason, whenever a new oscillator is developed with the premise to have superior

frequency stability than the former oscillators, two identical copies need to be constructed to

get a measure of the frequency instability. Since identical oscillators will both contribute to half

of the measured variance σAB. Luckily, there exists an alternative technique whenever there

are no two identical copies of an oscillator available, the so-called three-cornered hat method.

The TCH method consists of three oscillators; one under test (A) and two reference os-

cillators (B & C). For completely independent oscillators the correlation term for the relative
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frequency instability of equation 44 will vanish leaving us with the set of equations for the

variances

σ2
AB =σ2

A +σ2
B, (45)

σ2
AC =σ2

A +σ2
C, (46)

σ2
BC =σ2

B +σ2
C. (47)

From this set of equations we can derive the instabilities of the individual oscillators given by

σ2
A = 1

2
(
σ2

AB +σ2
AB −σ2

BC
)
, (48)

σ2
B = 1

2
(
σ2

AB +σ2
BC −σ2

AC
)
, (49)

σ2
C = 1

2
(
σ2

AC +σ2
BC −σ2

AB
)
. (50)

Unfortunately, the TCH method is also sensitive to cross-correlations between the oscillators;

two oscillators that are placed on the same optical table can experience the same seismic noise,

which could be interpreted as a frequency deviation of the third oscillator in the comparison.

When correlations between oscillators are present it is possible to utilize more oscillators to

increase the confidence in the measured instability [42].
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3 Design of an ultra-stable optical cavity

In atomic clocks, the local oscillator is typically provided by a laser with frequency ν, which

is locked to one of the resonant modes of an ultrastable Fabry-Pérot cavity with optical path

length L. When the laser is locked to a cavity resonance, the frequency stability of the laser

is approximately equal to the optical path length stability of the cavity. A small fluctuation in

optical path length ∆L will result in a fluctuation in laser frequency ∆ν, following

∆ν

ν
=−∆L

L
, (51)

where the ratios ∆ν
ν

and ∆L
L represent the relative frequency stability of the laser and relative

length stability of the cavity respectively.

The creation of an ultra-stable frequency reference is thus dependent on our ability to sta-

bilize the optical path length between the cavity mirrors. Several external noise sources such

as temperature and pressure fluctuations along with vibrations can degrade the length stabil-

ity of the cavity. These effects can be reduced by careful engineering of the thermal enclosure,

vacuum chamber and vibration isolation platform. Finally, the ultimate length stability that is

achievable is limited by the inherent thermal noise of the cavity.

3.1 Thermal noise limit

Thermal noise can broadly be divided into two parts; Brownian noise and thermo-optic noise.

Brownian motion originates from elastic energy dissipation causing thermal motion. Elastic

energy is the energy that is stored in an object when it is temporarily deformed. The dissipa-

tion rate of this stored energy is dependent on the inverse of the mechanical quality factor Q

of the material. In case of an optical cavity, the consequent thermal motion shows as local ran-

dom displacements in the cavity spacer, mirror substrates and mirror coatings. Thermo-optic

(TO) noise additionally has two contributors; thermo-elastic (TE) and thermo-refractive (TR).

TE noise is defined as noise resulting from differences in thermal expansion due to local tem-

perature fluctuations. TR noise arises from local differences in the index of refraction due to

temperature fluctuations. Noise from Brownian motion is the dominant contributor to thermal

noise and thus sets a fundamental limit to the length stability that one can achieve.

A powerful way to estimate the effect of thermal noise is the "direct-approach" that was

proposed by Levin [43]5. This method is fundamentally based on the fluctuation-dissipation

theorem, introduced by Callen and Welton [45]. The fluctuation-dissipation theorem relates the

random Brownian motion of atoms to thermodynamical loss in the system. Local dissipative

losses on the mirror surfaces lead to local displacements, which in turn lead to phase distortions

5With consideration of corrections from Liu and Thorne [44]
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of a reflected wavefront. The direct-approach method will be examined more closely in the

following.

For Fabry-Pérot resonators, the average distance between the cavity mirrors experienced

by the electric field of the laser is represented by x = x1 − x2, the coordinate describing the

length fluctuations. From the fluctuation-dissipation theorem, Levin retrieves an expression

for the power spectral density Sx( f ) of thermal fluctuations of x, given by

Sx( f )= 2kBT
π2 f 2

Wdiss

F2
0

(52)

where kB is the Boltzmann constant, T denotes the absolute temperature and Wdiss describes

the time-averaged dissipated power when the system is subject to an oscillating force of ampli-

tude F0 and frequency f .

The direct-approach method considers a situation where the dissipation in the system is

homogeneously distributed such that Wdiss can be expressed as

Wdiss = 2π f Umaxφ(r, f ), (53)

where Umax is the maximum elastic strain energy and φ(r, f ) is the loss angle6 of the total

system, that describes the damping of the system due to elastic energy dissipation. The loss

angle is the reciprocal of the mechanical quality factor Q( f ) such that a smaller loss angle

corresponds to a lower damping rate and thus a lower energy loss rate.

The total thermal noise of the cavity is the sum of the contributions from all the cavity

components; the spacer S(sp)
x , mirror substrates 2 ·S(sb)

x and mirror coatings 2 ·S(ct)
x . So the

total thermal noise is given as

Sx = S(sp)
x +2 ·S(sb)

x +2 ·S(ct)
x (54)

= 4kBT
π f F2

0

(
U (sp)

maxφsp +2 ·U (sb)
maxφsb +2 ·U (ct)

maxφct

)
. (55)

The maximum elastic strain energy Umax of each component is dependent on its geometry

and material properties. A lot of theoretical work has gone into deriving accurate analyti-

cal expressions for Umax of each component. Following Levin’s direct approach and assuming

negligible effects from the mirrors, Numata et al. [12] derived an expression ofU (sp)
max for a cylin-

drical spacer. Furthermore, the expression given by Numata et al. was improved by Kessler et

al. by implementing two corrections7 [46]. The corrected expression for S(sp)
x ( f ) is given by

S(sp)
x ( f )= 4kBT

2π f
L

AspYsp
φsp, (56)

6Conventionally the loss angle φ( f ) is written as the imaginary component of the Young’s modulus Y =
Y0

(
1+ iφ(r, f )

)
7Kessler’s calculation differs in two ways. First, it takes into account that the area of the front face of the spacer

is reduced by the central bore. Second, it considers correlated length fluctuations from both ends of the spacer.
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where Ysp is the spacer material’s Young’s modulus and Asp = π(R2
sp −R2

bore) is the face area

of a cylindrical spacer with a borehole of radius Rbore. By treating both cavity mirrors as an

infinite half-space8, defined as a mirror with infinite radius and depth, the mirror substrates

contribution to the length fluctuation PSD is given as

S(sb)
x ( f )= 4kBT

2π f

1−σ2
sbp

πYsbw
φsb, (57)

where σsb is the Poisson ratio and Ysb denotes the Young’s modulus of the substrate material

[43; 47]. The mirror coating contribution was estimated by Nakagawa et al. by treating the

mirror coating as a thin layer on the substrate, with similar elastic properties of coating and

substrate [48]. In this case, the contribution of the coating becomes

S(ct)
x ( f )= 4kBT

2π f
2(1+σsb)(1−2σsb)dct

πYsbw2 φct, (58)

where dct is the thickness of the mirror coating. In reality, the coating and substrate will have

differing elastic properties, which was taken into account by Harry et al. [49]. This gave rise

to the following extended expression for the coating contribution to the PSD S(ct)
x ( f )

S(ct)
x ( f )= 2kBT

π f

Y 2
ct · (1+σsb)2 · (1−2σsb)2 +Y 2

sb · (1+σct)2 · (1−2σct)

πY 2
sbYct · (1−σ2

ct)
dct

w2 φct. (59)

Note that equation 59 reduces to equation 58 under the assumption of equal elastic properties

of coating and substrate: Yct =Ysb and σct =σsb.

The fractional frequency stability of the laser is directly proportional to the fractional

length stability of the cavity, as shown in equation 51. The PSD of length fluctuations Sx( f )

can be converted to the PSD of fractional frequency fluctuations Sy( f ) by

Sy( f )≡ Sν( f )
ν2 = Sx( f )

L2 . (60)

The frequency instability in the time domain is typically characterized by the Allan deviation

σy of fractional frequency fluctuations y [50]. The Allan deviation σy can be expressed using

the PSD Sy( f ) with

σy =
√

2ln(2)Sy( f ) f . (61)

Since Sy( f ) has a 1/ f dependency (flicker frequency noise), as can be seen in equation 55, the

resulting Allan deviation will be constant and is therefore called the thermal noise floor of the

cavity.

8Bondu et al.was able to refine the expression for a finite-size mirror. However, typically the beam waist is much

smaller compared to the mirror size, such that the mirror can be approximated as an infinite half-space with good

accuracy [47].
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3.2 Reduction of thermal noise in optical cavities

By looking at the equations for the thermal noise contributions of the spacer (Eq. 56), mirror

substrates (Eq. 57) and mirror coatings (Eq.58) one can think of ways to reduce the total

thermal noise of an optical cavity. The parameters from these equations that affect the thermal

noise floor σy are temperature T, beam radius w, coating thickness dct, loss angles φsp/sb/ct,

cavity material’s Young’s moduli Ysp/sb/ct and Poisson ratio’s σsb/ct. Additionally, equation 60

shows the inverse proportionality of the thermal noise floor with cavity length L.

Unfortunately, these parameters cannot be chosen freely, the choices are restricted due to

practical limitations. Ideally, the temperature T can be reduced to cryogenic regimes. In that

case one needs to carefully choose the spacer material (e.g. mono-crystalline silicon cavities

[17; 51]). Otherwise, the optical cavities operating around the room temperature commonly

employ spacer made of ultra low expansion (ULE9) glass. To summarize, the thermal noise

floor of the cavity is heavily dependent on the material properties from which it is built.

3.2.1 Cavity materials

Modern optical cavities are typically made up of two high-reflectivity mirror coatings attached

to fused silica (FS) mirror substrates, which are optically contacted to a spacer made from a

material with a small coefficient of thermal expansion (CTE). The material’s CTE describes the

length change of an object with temperature. For cavities operating around room temperature

the spacer is often made from ULE, which has a CTE of 0±30 ppb/K [52]. All relevant material

properties of ULE and FS are depicted in table 2.

An old practice was to construct both the spacer and the substrate out of ULE material.

However, Numata et al. proposed to reduce the dominant mirror substrate noise contribution

by replacing the ULE substrates with fused silica, since the loss angle of fused silica (φFS <
1 ·10−6) is considerably lower compared to ULE (φFS = 1.6 ·10−5) [12]. Furthermore, the CTE

mismatch between the ULE spacer (0±0.03 ·10−6/K) and FS mirror substrate (0.52 ·10−6/K)

resulting in mirror deformation, can be compensated by attaching ULE rings to the back of the

FS substrate [53].

With the use of fused silica as the material of choice for the mirror substrates, the reduced

mechanical loss has pushed the mirror substrate contribution to the thermal noise PSD Sy to

a minor level. In current state-of-the-art cavities using conventional dielectric mirrors, which

are typically alternating λ/4-layers of Ta2O5 and SiO2, the mirror coatings have become the

dominant contributor to the thermal noise floor of the system, as is depicted in figure 11. For

this reason, it has become a topic of great interest to find new coating materials with lower loss

9ULE ® is a registered brand of ultra-low-expansion glass made with TiO2 doped silica from Corning Inc.
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Table 2: Geometrical and mechanical properties of cavity materials required to calculate the

thermal noise floor of the cavity. Values for cavity length and spacer radius are preliminary

and will be discussed further in section 3.3.

Parameter Definition Value

L Cavity length 30 cm

Asp Spacer face area π
(
R2

sp −R2
bore

)
Rsp Spacer radius 4 cm

Rbore Bore radius 4 mm

dct Coating thickness 10 µm

φULE ULE loss angle 1.7 ·10−5

φFS Fused silica loss angle 1 ·10−6

φcrystal Al0.92Ga0.08As/GaAs loss angle 2.5 ·10−5

φdielectric Ta2O5/SiO2 loss angle 4 ·10−4

σULE ULE Poisson’s ratio 0.17

σFS Fused silica Poisson ratio 0.17

YULE ULE Young’s modulus 67.7 GPa

YFS Fused silica Young’s modulus 73.1 GPa

angles φ. A promising recent coating candidate, crystalline Al0.92Ga0.08As/GaAs, is proven to

provide an order of magnitude lower mechanical loss angle (φcrystal = 2.5 ·10−5) compared to

conventional mirrors [15]. With crystalline mirrors, the thermal noise contribution is no longer

the dominant one, as can be seen in figure 12. A comparison between dielectric and crystalline

mirrors and the resulting thermal noise floor is depicted in figure 13 and the relevant coating

properties are shown in table 2.

3.2.2 Mirror configurations & Spacer length

Another influential parameter on the thermal noise floor is the beam radius w at the mirror

surfaces. In the equations for the thermal noise PSD the substrate and coating contributions

(Eq. 57 and 58) scale with 1/w and 1/w2 respectively. Meaning, that an increased beam radius

at the mirror surfaces results in a lower thermal noise floor.

The beam radius at the cavity mirror surfaces, also referred to as beam spots w1/2, are

dependent on the chosen mirror configuration and radii of curvature as discussed in section

2.4.3. Using equation 22 we can calculate the beam spot size for different mirror configurations

and ROCs. The resulting beam spot sizes and thermal noise floors for dielectric and crystalline
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Figure 11: Thermal noise PSD Sy contributions from ULE spacer, FS substrates and dielectric

Ta2O5/SiO2 mirror coatings in planar-concave (R1/R2 = 1 m/∞ m) configuration using light

with a wavelength of λ= 698 nm. The resulting thermal noise floor is σy = 1.4 ·10−16.
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Coating: Al0.92Ga0.08As/GaAs
Substrate: Fused silica
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Figure 12: Thermal noise PSD Sy contributions from ULE spacer, FS substrates and crystalline

Al0.92Ga0.08As/GaAs mirror coatings in planar-concave (R1/R2 = 1 m/∞ m) configuration using

light with a wavelength of λ= 1542 nm. The resulting thermal noise floor is σy = 4.7 ·10−17.
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Figure 13: Thermal noise floor σy versus spacer radius for dielectric Ta2O5/SiO2 and crystalline

Al0.92Ga0.08As/GaAs mirror coatings. The bore radius is set to Rbore = 4 mm.

mirrors are depicted in table 3 and 4 respectively. The reduction of the thermal noise floor for

increasing spot size can be intuitively understood by the fact that for a larger mode size the

thermal fluctuations are averaged over a larger surface area.

In section 3.1 the inverse proportionality of the thermal noise floor with cavity length was

shown. Similar to the operating temperature of the cavity, we cannot choose the cavity length

freely. In general, a longer cavity has a larger vibration sensitivity, which makes it more dif-

ficult to sufficiently suppress length changes caused by vibrations. The thermal noise floor for

different mirror configurations as a function of spacer length is depicted in figure 14
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Figure 14: Thermal noise floor σy at 1 Hz versus cavity length for dielectric Ta2O5/SiO2 mirror

coatings with different ROC configurations (R1/R2). The thermal noise floor values are shown

in table 3.

Table 3: Thermal noise floor σy for different cavity mirror configurations with a L = 30 cm ULE

spacer, fused silica substrates and dielectric Ta2O5/SiO2 mirror coatings at a temperature of

T = 295 K using light with a wavelength of λ= 698 nm. The relevant material parameters used

in the thermal noise floor calculation can be found in table 2.

Mirror ROC R1/R2 Beam spot size w1/w2 Thermal noise floor σy

1 m / 1 m 306 / 306 µm 1.6 ·10−16

1 m / +∞ m 381 / 319 µm 1.4 ·10−16

10.2 m / 10.2 m 526 / 526 µm 9.7 ·10−17

10.2 m / +∞ m 628 / 619 µm 8.4 ·10−17

Table 4: Thermal noise floor σy for different cavity mirror configurations with a L = 30 cm

ULE spacer, fused silica substrates and crystalline Al0.92Ga0.08As/GaAs mirror coatings at a

temperature of T = 295 K using light with a wavelength of λ= 1542 nm.

Mirror ROC R1/R2 Beam spot size w1/w2 Thermal noise floor σy

1 m / 1 m 454 / 454 µm 5.0 ·10−17

1 m / +∞ m 567 / 474 µm 4.7 ·10−17

10.2 m / 10.2 m 782 / 782 µm 3.9 ·10−17

10.2 m / +∞ m 934 / 920 µm 3.7 ·10−17
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3.3 Mechanical instability

To make sure that an optical cavity is able to achieve thermal-noise-limited performance, the

mechanical stability of the resonator needs to be sufficient to suppress environmental perturba-

tions that can alter the optical path length of the cavity. The cavity design needs to ensure that

changes in optical path length are minimized while uniform forces are applied to the cavity.

This is particularly important for long optical cavities that aim for a low thermal noise floor of

10−16 since they are intrinsically more sensitive to external perturbations. Ultrastable cavity

designs typically make use of symmetry to create a system insensitive to accelerations. Several

different cavity designs have previously been implemented with differing cavity spacer shapes;

such as the mushroom type [54], a spherical design [55] or with a rectangular spacer [56; 57].

More recent designs that aim for higher performance opt for cylindrical spacers [13; 14]. A

cylindrical spacer offers an enhanced acceleration insensitivity due to its non-axial symmetry

[58].

To support the cylindrical spacer 4 rectangular cutouts are made in the side of the cylinder.

The cutouts provide room to support the structure using 4 spheres made from Viton10. These

cutouts are kept small to preserve the cylindrical symmetry while keeping enough room to

position the Viton spheres at the optimal support points. By optimizing the positioning of the

support points, it is possible to significantly reduce the sensitivity of the cavity to accelerations

for all 3 dimensions. To find the optimal support positions which minimize vibration sensitivity,

an analysis using a finite-element method (FEM) is employed.

3.3.1 Finite-element analysis

To investigate the structural response of the cavity to accelerations for differing geometries

and support positioning, a structural model of the cavity is required. A finite-element model is

made in COMSOL Multiphysics11.

Since the cavity is exposed to vibrations from all directions with different sources such as

atmospheric pressure fluctuations, oceanic waves and human activity like street traffic [59].

The range of frequencies of acceleration that contribute to frequency noise is typically below

10 Hz, while the first structural resonances of the cavity will be in the ∼kHz range [13]. For

a small acceleration a⃗, causing a small force F = m · a, the cavity deforms linearly with ∆D,

through Hooke’s law given by

∆D = k ·a, (62)

where k is a proportionality factor. For this reason, the model makes use of the static-strain

10Viton ® is a registered brand of vacuum-compatible fluoroelastomer.
11COMSOL Multiphysics Reference Manual, version 6.1, COMSOL Inc., www.comsol.com
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response of the cavity to external vibrations. The static response of the cavity is studied un-

der an applied acceleration for all dimensions. For acceleration in one dimension, the cavity

will displace. The field that describes the displacement d(x, y, z) as a function of positional

coordinates (x, y, z) is given by

d(x, y, z)≡


u

v

w

 , (63)

where u,v,w are the longitudinal, transverse and vertical displacement respectively. The total

length change of the cavity ∆L is then given by the difference in opposite longitudinal displace-

ment u of the two cavity mirrors M1/2 given by

∆L ≡ uM1 −uM2 , (64)

where ∆L > 0 corresponds to the cavity length expanding and ∆L < 0 the cavity length con-

tracting. Note that an opposite sign of u at the mirrors is expected for symmetric expansion

or contraction of the cavity length, in this case, the length change will be given by ∆L = 2uM1 .

An example simulation, indicating the longitudinal displacement of the cavity under vertical

acceleration is shown in figure 15.

Figure 15: Longitudinal displacement under 1 g of vertical acceleration in nm for dx = 61.35

mm and dz = 3.75 mm. The color bar shows longitudinal displacement in nm.
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To determine a cavity geometry that is insensitive to vibrations, a constant acceleration is

applied in all of the three dimensions (x: longitudinal, y: transverse, z: vertical). The symme-

try in the cavity geometry can be exploited to reduce the required computation time by only

simulating the displacement field for a portion of the cavity. Consider the evaluation of esti-

mating the effects of vertical acceleration, in this case only a quarter of the cavity needs to

be simulated with symmetry12 conditions applied to the middle yz and xz plane. The sym-

metry conditions constrain the geometry against movement normal to the surfaces defined by

the symmetry planes, resulting in symmetric displacement solutions. For both transverse and

longitudinal accelerations the model only needs to consider half the cavity geometry, with yz

and xz as middle symmetry planes respectively. Besides the symmetry conditions, fixed con-

straints12 are also introduced. For example, the circular supporting positions of the cavity are

given a prescribed displacement12 of zero in the vertical direction. In figure 16 a 3D view of the

cavity geometries for accelerations applied in the three different dimensions is depicted.

(a) Vertical acceleration. (b) Transverse acceleration. (c) Longitudinal acceleration.

Figure 16: Partial cavity geometries to reduce computational cost by using symmetry condi-

tions, imposing no movement normal to surfaces defined by symmetry planes. The symmetry

planes are given for vertical acceleration (a) by the middle xz- and yz-planes, for transverse

acceleration (b) by the middle yz-plane and for longitudinal acceleration (c) by the middle xz-

plane.

The displacement and tilt of the mirror surfaces under acceleration are determined by

defining two cut lines12 along the mirror surfaces, which give the displacement along the opti-

cal axis as a function of the mirror coordinates. The defined cut lines are shown in figure 17,

which depicts a wireframe rendering of a quarter cavity geometry with relevant geometrical

parameters.

12These expressions refer to conditions that can be applied in the Solid Mechanics package of COMSOL Multi-

physics.
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Figure 17: Wireframe representation of a quarter cavity geometry used for simulation under

vertical acceleration. The relevant parameters are highlighted, where the dx,d y and dz de-

note the center of the support position with respect to the spacer face, xz-plane and xy-plane

respectively13.

Now, with the ability to simulate the mirror displacement under acceleration, we still lack

insight into how the cavity length changes. The structural behaviour of the cavity length under

acceleration can be explained with a combination of the Poisson effect and mirror tilt.

3.3.2 Poisson effect & mirror tilt

While the cavity structure is experiencing an external force or equivalently acceleration, the

optical path length can change due to the Poisson effect and mirror tilt. The Poisson effect

is the phenomenon that a material expands or contracts in the dimensions orthogonal to the

direction of an applied force. The material parameter that describes the ratio of transverse

expansion to expansion in the dimension of the applied force, is called the material’s Poisson

ratio σ. Both ultra-low-expansion (ULE) glass and fused silica (FS) have a Poisson ratio of

σ= 0.17. In figure 18 the cavity length change due to the Poisson effect is depicted.

It is important to note that the effective length change along the optical axis depends on the

40



(a) (b) (c)

Figure 18: Schematic overview of the cavity length change due to the Poisson effect under

applied vertical acceleration. (a) supported from the bottom. (b) supported from the top. (c)

supported in the middle plane.

vertical support plane position; under vertical acceleration, while supported from the bottom

the cavity expands, while if it’s supported from the top, the cavity contracts. When the cavity is

supported somewhere in between these two extremes, it will expand above the supporting plane

and contract below it. This means that there will be a vertical support position z for which the

contraction and expansion cancel along the optical (x) axis. For simulating the cavity length

change the vertical support plane at which the four cutouts will be made, is defined with the

dz parameter which gives the position from the middle xy-plane of the cavity as depicted in

figure 17.

In addition to the direct expansion or contraction of the cavity due to the Poisson effect,

there is also a second-order effect, namely, mirror tilt. When the cavity is subject to an external

force, it will bend around the supporting points. Since the mirrors are attached to the ends of

the spacer, this bend will result in a tilt of the mirrors and thus a change in the optical path

length, as is depicted in figure 19.

(a) (b) (c)

Figure 19: Schematic overview of the cavity length change due to mirror tilt under applied

vertical acceleration. (a) supported close to the center. (b) supported close to the spacer ends.

(c) supported at the Airy points.

13The parameterization convention is adopted from [13].
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Clearly, the bending of the cavity spacer is dependent on the longitudinal support position-

ing. Comparing the two extremes; if the cavity is supported at the outer edges the mirrors will

bend inwards and if it is supported at the center, they tilt outwards. This will change the optical

path length depending on the beam alignment to the center of the mirror. Again, somewhere

in between these two extremes, there exists a longitudinal support position where the optical

path length change caused by mirror tilt, cancels out. The support positions at which there is

no length change, are called the Airy points. This tilt-induced length change is incorporated

into the model by the longitudinal support parameter dx, which gives the distance from the

center of the support position to the end face of the spacer.

3.3.3 Misalignment Analysis

The induced length change from mirror tilt can be derived from a geometrical analysis for

a linear cavity. The optical axis is defined by the line that passes through both centers of

curvature C1 and C2 of mirrors M1 and M2 respectively. Let θ1 and θ2 be the small angular

rotations of either mirror, which in turn causes the beam centers to shift by ∆z1 and ∆z2 with

respect to the mirror centers as is shown in figure 20. This causes an angular displacement ∆θ

of the optical axis given by

∆θ ≡ ∆z2 −∆z1

L
= (1− g2) ·θ1 − (1− g1) ·θ2

1− g1 g2
, (65)

where we see that the system gets more sensitive to angular misalignment for longer cavities,

since ∆θ scales with ∝ 1/L [60]. The displacements ∆z1 and ∆z2 are given by

∆z1 = g2

1− g1 g2
·Lθ1 + 1

1− g1 g2
·Lθ2, (66)

∆z1 = 1
1− g1 g2

·Lθ1 + g1

1− g1 g2
·Lθ2, (67)

where we can note that the sensitivity to angular misalignment goes to infinity as g1 g2 → 1.

In other words, as the resonator approaches the stability criterion limit, the system gets more

and more sensitive to angular misalignment [61].

The optical axis shift leads to a new cavity length given by

L tilt ≡ L+∆L tilt =
∆z2 −∆z1

sin(∆θ)
, (68)

where we can do series expansion for ∆L tilt around θ1 = θ2 = θ→ 0. Expansion to second order

for θ around θ→ 0 gives14

∆L tilt ≈
L
6

(g2 − g1)2

(1− g)2 θ2, (69)

14Note that the expression for ∆L tilt by Álvarez differs by a factor 3 [13].
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Figure 20: Schematic overview of mirror misalignment and optical axis displacement for a

stable two-mirror cavity. The mirror tilts θ1 and θ2 induce a shift of the optical axis, which

leads to a change in cavity length ∆L tilt.

where the tilt induced length change scales with ∆L tilt ∝ θ2. Because the mirror tilt has

a second-order effect on the cavity length change, for typical small mirror tilts this can be

neglected [13; 56]. But when a mirror is misaligned with the center from the spacer end face

by ∆r, this will cause a first order length change of ∆L tilt ∼ θ ·∆r. This is an effect that cannot

be neglected and needs to be taken into account. The first-order length change under applied

accelerations can be modelled while taking into account possible misalignment of the optical

mode on the mirrors that is caused by an offset of the mirrors from the center of the spacer end

faces.

3.3.4 Modelling cavity length change

Now with the understanding of the sources in our system that change the optical path length

under acceleration, we can try to model their contribution. Namely, we can construct a model

that quantizes the sensitivity of our system to acceleration-induced length changes. The first-

order length change is given by

∆L
L

= ∆LPoisson

L
+ ∆L tilt

L
≡P +T , (70)

where P and T refer to the length change contributions under small acceleration a⃗ due to the

Poisson effect and mirror tilt respectively. One should note that in reality these two effects are

not completely decoupled; the Poisson effect can also give a small tilt to the mirrors. This is not
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a real concern since the FEM simulations cannot distinguish tilt induced by the Poisson effect

and bending-induced tilt. The Poisson contribution P is modelled as

P = axkx +ayky +azkz, (71)

where ax,y,z corresponds to the dimensional components of the applied acceleration vector a⃗

and kx,y,z refers to the acceleration sensitivity parameter for each dimension with units of

(g−1). The tilt contributions T is given by

T = axκx∆rz +ayκy∆r y +azκz∆rz, (72)

where κx,y,z are the tilt sensitivity parameters for each dimension with units of (g−1 m−1) and

∆r y,z are the transverse and vertical offsets of the mirror from the center of the spacer end

face. For perfectly centered mirrors ∆r y,z = 0, the first order length change due to mirror tilt

will completely disappear.

In section 3.3.2 we have seen that change in the vertical position of the supporting plane

causes the cavity length to change via the Poisson effect and a change of the longitudinal sup-

port positions changes the cavity length because of mirror tilt. We parameterize the positions of

the support points with dx and dz, the longitudinal and vertical support positions respectively

as shown in figure 17. By changing the support position parameters dx and dz we can simu-

late the effective length change ∆L, separately for accelerations from each dimension and find

a combination (dx,dz) where the length change due to Poisson effect and mirror tilt is compen-

sated. If we choose our support positioning parameters (dx,dz) such that we are indeed in the

region where ∆L ≈ 0, we are still interested in what happens if in practice we are slightly off in

our support positions due to limited machining tolerances, machining errors or human error.

This sensitivity to deviations from the ideal support positions (dx,dz) can be investigated by

looking at the gradients of the acceleration and tilt sensitivity parameters k and κ with respect

to the support position parameter. To give an example, the vertical acceleration sensitivity

kz is dependent on the vertical support position parameter dz due to the Poisson effect, thus

the slope of kz as a function of dz, or equivalently, the gradient ∂kz
∂dz , gives the sensitivity to dz

deviations. The units of the acceleration sensitivity gradient are (g−1m−1) and for the tilt sensi-

tivity gradient, the units are (g−1m−2). For the optimized support positions the resulting cavity

length change needs to be close to zero, while the acceleration and tilt sensitivity gradients are

kept to a minimum at the same time.

For a cavity that aims to achieve a thermal noise floor of σy ∼ 10−16 with typical environ-

mental vibrations in the lab below 10−6 g, the resulting acceleration sensitivity should be no

more than 10−10 g−1.
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3.4 Optimization of support positions

To find the optimal support positions for placing the four cutouts in the spacer, the support

positional parameters dx and dz are systematically varied and the following cavity length de-

formation is studied. The geometric model of the cavity consists of a combination of parameters

that are fixed, like the cavity length, and parameters that will be iteratively optimized during

the simulations, such as the dimensions and position of the cutouts, etc.

First, let’s verify the support point-dependent mirror displacement by varying the dx and

dz parameters independently and plotting the mirror displacement, the resulting behaviour

is shown in figure 21. The mirror displacement follows the expected behaviour in which the

longitudinal support position dx is able to compensate for mirror tilt, while the vertical support

position dz can compensate the Poisson effect-induced displacement as mentioned in section

3.3.2.

(a) dx compensates mirror tilt (b) dz compensates Poisson effect

Figure 21: Longitudinal mirror displacement along vertical cutline under vertical acceleration

of 1 g. Figure (a) shows the influence of the longitudinal support position parameter dx on

mirror tilt with dz = 3.75 mm. Figure (b) shows the influence of the vertical support position

parameter dz on mirror displacement induced by the Poisson effect with dx = 61.35 mm.

To get a more comprehensive understanding of the support positional dependence of the

cavity length, a parameter sweep of the (dx,dz) space has been done and is shown in figure 22.

The parameter sweep shows that there exists a region for which the deformation of the cavity

results in a length change equal to zero ∆L = 0 for centered mirrors. Furthermore, the cavity

length change can be compensated fully by an appropriate choice of dz; for any choice of dx it

is possible to achieve ∆L = 0 by adjusting dz. However, it is important to note that the reverse
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Figure 22: 2D parameter sweep of (dx,dz)-space. Colours indicate relative cavity length

change ∆L
L for centered mirrors.

is not necessarily true; if dz is chosen poorly, it will be impossible to get to the acceleration

insensitive regime of ∆L = 0 by adjusting dx.

Since there is a zero-crossing for ∆L, it should be possible to get arbitrarily close to ∆L = 0

for a precise choice of the support parameters dx and dz. Unfortunately, in practice, we cannot

control dx and dz to desired precision, therefore, we need to account for slight deviations from

the ideal support positions. Moreover, if the cavity mirrors are not perfectly aligned to the

center of the spacer face we get additional length change induced by mirror tilt, as discussed

in section 3.3.3. For a given dz it can be the case that we cannot compensate fully by adjusting

dx. This is a cause for concern especially because in the cavity design dz is a fixed parameter

after the cutout has been machined from the ULE spacer, while the dx parameter can be

adjusted slightly by repositioning the Viton ball in the cutout. This can be solved preemptively

by choosing dz such that it falls in a range that guarantees that there exists a ∆L = 0 zero-

crossing for the allowed adjustable range of dx.
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dxAiry

Figure 23: Relative length change ∆L
L under vertical acceleration of 1 g as a function of longi-

tudinal support position dx (fixed dz = 4 mm) for different vertical mirror offset ∆rz from the

center of the spacer face. At dx = dxAiry the tilt-induced length change is compensated.

To visualize the effect of mirror offset from the center of the spacer face we can compare

the relative length change with centered and misaligned mirrors. In figure 23 the additional

length change due to vertical mirror offset ∆rz is shown under vertical acceleration of 1 g. It

can be seen that for a certain dx value the relative length change ∆L goes to zero, even for

misaligned mirrors. The longitudinal support point where the cavity becomes insensitive to

mirror tilt is denoted with dxAiry.

To find the optimal longitudinal support position dxAiry we need to find the value of dx

which minimizes the mirror tilt angle. This is done iteratively by plotting the longitudinal

mirror displacement with fixed dz for a range of dx and then choosing the dx value for which

the mirror tilt is minimal. Repeating the simulation for a smaller dx range around the previous

optimal dx point helps to find the most suitable value. Once the mirror tilt is minimized for a

fixed dz we need to adjust dz to minimize the absolute length change∆L. After adjusting dz we

need to re-optimize our dx parameter because the two parameters dx and dz are not perfectly

decoupled; adjusting dz can induce a tiny amount of mirror tilt. This process is repeated until

no further improvement can be obtained within the meshing precision of the simulation, this

will be discussed in more detail in section 3.4.7.

The resulting vertical acceleration sensitivity gradient ∂kz
∂dz , introduced in section 3.3.4, is
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Figure 24: Relative longitudinal length change under vertical acceleration of 1 g versus vertical

support position dz. The vertical acceleration sensitivity gradient is determined by a linear fit

at ∂kz
∂dz = 7.3 ·10−11g−1mm−1.

calculated by simulating the relative length change ∆L
L as a function of the vertical support

position dz and doing a linear fit to obtain the gradient of the fit curve which corresponds

to ∂kz
∂dz . The linear fit is shown in figure 24 and gives a vertical acceleration sensitivity of

∂kz
∂dz = 7.3 ·10−11 g−1 mm−1.

To calculate the vertical tilt sensitivity gradient ∂κz
∂dx under vertical acceleration, we first

need to calculate the resulting mirror tilt slope for each individual dx value by doing a linear

fit to the mirror displacement versus the vertical mirror coordinate. Another consecutive linear

fit obtains the gradient of mirror tilt as a function of dx. The linear fit curve to obtain the

vertical tilt sensitivity gradient is shown in figure 25. The resulting gradient is given by ∂κz
∂dx =

7.0 ·10−11g−1mm−2.

Sadly, the Airy point is not exactly the same for accelerations applied from different direc-

tions. So if we fix dx to dxAiry, calculated for vertical accelerations, we cannot compensate the

remaining length change induced by acceleration from the longitudinal and transverse direc-

tion.
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Figure 25: Vertical mirror tilt sensitivity under vertical acceleration of 1 g versus longitudinal

support position dx. The vertical tilt sensitivity gradient is determined by a linear fit at ∂κz
∂dx =

7.0 ·10−11 g−1mm−2.

3.4.1 Transverse acceleration

To study the cavity deformation under transverse acceleration, the modelled cavity geometry

now consists of half the cavity geometry, due to symmetry conditions as shown in figure 16b.

For transverse acceleration an additional prescribed displacement condition needs to be added,

namely the support points are now also prohibited to move transversely in addition to the ver-

tical direction. Under transverse acceleration the relative length change is zero for centered

mirrors, as depicted in figure 26. These results confirm that the transverse acceleration sen-

sitivity is negligible ky ≈ 0 and the remaining length change is induced by mirror tilt κy∆r y.

Note that the Airy point dxAiry,y for transverse acceleration differs from the Airy point for

vertical acceleration dxAiry,z. The difference |dxAiry,z −dxAiry,y| will unavoidably result in a

residual tilt sensitivity κy if dx is chosen at the Airy point for vertical acceleration.

Calculation of the position of the Airy point under transverse acceleration, is done in the

same way as for vertical acceleration. The tilt sensitivity gradient ∂κy
∂dx is determined by doing

a linear fit of the mirror tilt slopes for each simulated dx value. The resulting transverse tilt

sensitivity fit is shown in figure 27 and has a gradient of ∂κy
∂dx = 7.4 ·10−11 g−1mm−2. The zero-

crossing that corresponds to the Airy point occurs at dx = 64.21 mm, which is shifted by 2.86

mm compared to the Airy point for vertical acceleration. This discrepancy results in a residual

tilt sensitivity of κy = 2.1 ·10−10 g−1mm−1.
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dxAiry,vertical dxAiry,transverse

Figure 26: Relative length change ∆L
L under transverse acceleration of 1 g as a function of

longitudinal support position dx (fixed dz = 4 mm) for different transverse mirror offset ∆r y

from the center of the spacer face. The Airy point dxAiry is different for vertical accelerations

and transverse accelerations, denoted by the vertical lines.
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Figure 27: Transverse mirror tilt sensitivity under transverse acceleration of 1 g versus longi-

tudinal support position dx. The transverse tilt sensitivity gradient is determined by a linear

fit at ∂κy
∂dx = 7.4 ·10−11 g−1mm−2.
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3.4.2 Longitudinal acceleration

In a similar way we study the relative length change caused by longitudinal acceleration along

the optical axis. The simulations consider half of the entire cavity geometry, split by the xz-

plane as shown in figure 16c.

The longitudinal tilt sensitivity parameter changes as a function of the vertical support

position κx(dz). The slope of the linear fit of the tilt sensitivity parameter as a function of dz

gives the tilt sensitivity gradient ∂κx
∂dz =−8.1 ·10−11 g−1mm−2, as shown in figure 28. The zero-

crossing occurs at dz = 0.44 mm, which is offset by 3.31 mm compared with the optimal dz for

vertical acceleration. This discrepancy results in a residual tilt sensitivity of κx = −2.4 ·10−10

g−1mm−1.
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Figure 28: Vertical mirror tilt sensitivity under longitudinal acceleration of 1 g versus vertical

support position dz. The vertical tilt sensitivity gradient is determined by a linear fit at ∂κx
∂dz =

−8.1 ·10−11 g−1mm−2.

3.4.3 Spacer geometry optimization

We have found a way to find an acceleration insensitive configuration by optimizing the support

positions for a given spacer. So naturally we are interested to find the optimal spacer geometry.

To achieve this we want to find how the acceleration and tilt sensitivities change depending on

the diameter of the spacer and the depth of the four cutouts.
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First, we investigate the influence of spacer diameter on the vertical acceleration and tilt

sensitivity gradients. For each value of the spacer diameter the gradient of the vertical acceler-

ation sensitivity ∂kz
∂dz is calculated by taking a linear fit of the relative length change ∆L

L against

the vertical support position parameter dz. The vertical tilt sensitivity gradient ∂κz
∂dx was de-

termined for each spacer diameter by calculating the slope of mirror tilt. Next, a second linear

fit of the mirror tilt slope versus the longitudinal support parameter dx yields the vertical tilt

sensitivity gradient.

The resulting vertical acceleration and tilt sensitivity gradients as a function of spacer di-

ameter are shown in figure 29. To be able to compare the sensitivity gradients we need to

multiply the tilt sensitivity κ by a value for the mirror offset ∆r. Here we choose a slightly

pessimistic scenario with a large mirror offset of ∆rz = 1 mm. Interestingly, the vertical accel-

eration sensitivity gradient increases with increasing spacer diameter, while the vertical tilt

sensitivity decreases. So a smaller diameter spacer is more sensitive to tilt induced length

change, but a larger spacer will be more susceptible to length change induced by the Poisson

effect. To minimize the total sensitivity gradient we choose a spacer diameter of 8 cm, for

which the two contributions are in balance, keeping in mind that the actual tilt contribution

can change depending on the mirror offset.
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Figure 29: Vertical acceleration and tilt sensitivity gradients for differing spacer diameter. To

be able to compare both the acceleration and tilt sensitivity gradients, we have multiplied the

later ∂κz
∂dx with the vertical mirror offset ∆rz = 1 mm.
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Second, we explore the influence of the depth of the cutouts on the vertical acceleration and

tilt sensitivity gradients. In each simulation we alter the value for the cutout depth dl and

read out the relative length change for centered mirrors. In addition, we vary dz around its

optimal value for every chosen dl and do a linear fit to find the vertical acceleration sensitivity

gradient ∂kz
∂dz . This provides us with the vertical acceleration sensitivity gradient as a function

of the cutout depth dl and the result is depicted in figure 30.
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Figure 30: Vertical acceleration sensitivity gradient ∂kz
∂dz as a function of cutout depth dl. A

cavity with a larger cutout is more susceptible to deviations in dz.

The simulations show that by increasing the depth of the four cutouts, the vertical accelera-

tion sensitivity gradient increases. This corresponds to a larger cavity length change resulting

from deviations in dz. For this reason we choose a cutout depth of dl = 5 mm, which provides

the lowest susceptibility to dz deviations while also being considered the minimal amount of

room that is needed to position the cavity in a safe manner on the four Viton balls supports,

which have a diameter of ∼ 4 mm. The cutout width dh is set to 20 mm, offering room for

adjustment of the Viton ball in the longitudinal dimension of the cutout. In the simulations we

have assumed a support radius of 1 mm, since the Viton balls are under compression. Because

the actual support radius could differ slightly, the support radius dependence of the cavity’s

mechanical stability is probed.
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3.4.4 Support area dependency

The cavity will be supported by Viton balls placed at the calculated support positions. Due to

compression by the cavity, the Viton balls (diameter ≈ 4 mm) will have a contacting surface of

radius Rsup ≈ 1 mm. Since this is not an exact estimation, we can simulate what would be the

effect on the relative length change if the exact supporting radius would differ slightly from

1 mm. Figure 31 shows the relative length change under vertical acceleration as a function

of the supporting radius. The gradient around Rsup = 1 mm is determined by a linear fit at
∂kz
∂Rsup

≈ 2 ·10−12g−1mm−1. This is sufficiently small to neglect, for a deviation in supporting

radius of ±0.1 mm the resulting acceleration sensitivity would change by δkz < 10−12 g−1, far

below the maximum tolerable sensitivity range of 10−10 g−1.
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Figure 31: longitudinal length change dependence on support radius, under vertical acceler-

ation of 1 g. The vertical acceleration sensitivity gradient is determined by a linear fit at
∂kz
∂Rsup

≈ 2 ·10−12g−1mm−1.

The same analysis can be done for the tilt sensitivity. The vertical tilt sensitivity parameter

as a function of the supporting radius is shown in figure 32. The resulting fit gradient is
∂κz
∂Rsup

≈−6 ·10−13 g−1mm−2, which is also small enough to neglect.
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Figure 32: Vertical tilt sensitivity dependence on support radius. The vertical tilt sensitivity

gradient is determined by a linear fit at ∂κz
∂Rsup

≈−6 ·10−13 g−1mm−2

3.4.5 Transverse support offset

We have shown that the length change induced by mirror tilt and the Poisson effect can be

compensated by the supporting position parameters dx and dz respectively. Yet, we have not

considered the influence of transverse (y-) offset of the support points. To make sure that a

slight transverse deviation does not affect the sensitivity considerably, a transverse offset of

d y was introduced in the simulation. The relative length change under vertical acceleration

as a function of transverse offset of the support position d y is shown in figure 33. The linear

fit has a gradient of ∂kz
∂d y =−1.8 ·10−11 g−1mm−1. The tilt sensitivity gradient is determined at

∂κz
∂dy = 5.5 ·10−12 g−1mm−2, as shown in figure 34.
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Figure 33: Fractional longitudinal length change under vertical acceleration of 1 g versus

offset of the transverse support position d y. The vertical acceleration sensitivity gradient is

determined by a linear fit at ∂kz
∂d y =−1.8 ·10−11 g−1mm−1.
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Figure 34: Vertical mirror tilt sensitivity under vertical acceleration of 1 g versus offset of the

transverse support position d y. The vertical tilt sensitivity gradient is determined by a linear

fit at ∂κz
∂d y = 6.0 ·10−12 g−1mm−2.
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3.4.6 Finalized configuration

The finalized configuration of the support points and cavity geometry consists of a cylindrical

cavity spacer with a length of 30 cm, a diameter of 8 cm, with 4 cutouts having dimensions of 5

mm x 20 mm. The relevant geometrical parameters, as well as acceleration and tilt sensitivities

and their gradients are listed in table 5. A technical schematic of the cavity is provided in

appendix B.

Table 5: Summary of all the relevant parameters and the resulting acceleration and tilt sensi-

tivities and their gradients at the final support positions.

Geometrical parameters [mm]

L 300

Rsp 40

Rbore 4

dl 5

dh 20

Optimal support positions [mm]

dx 61.35

dz 3.75

Residual tilt sensitivities [g−1]

κy ·±0.1 mm 2.1 ·10−11

κx ·±0.1 mm −2.4 ·10−11

Acceleration sensitivity gradients [g−1 mm−1]
∂kz
∂dz 7.3 ·10−11

∂kz
∂d y −1.8 ·10−11

Tilt sensitivity gradients [g−1 mm−2]
∂κz
∂dx 7.0 ·10−11

∂κy
∂dx 7.4 ·10−11

∂κx
∂dz −8.1 ·10−11

3.4.7 Limitation of the FEM simulations

The finite element analysis done in COMSOL calculates the displacement for a large number

of points in the cavity geometry. The number of points that it considers is determined by the

mesh size and distribution that is used. COMSOL gives the option to choose a predefined mesh

element size, from extremely coarse to extremely fine. For our simulations we increase the
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number of elements in critical areas, such as the mirror cutlines and the supporting points,

which is shown in figure 35. We can estimate the meshing error of our simulations by sys-

tematically increasing the fineness of the mesh from normal to extremely fine, considerably

increasing the computation time for each simulation in the process. Using this procedure, the

meshing error was estimated to be ∼ 10−12 g−1 which is lower than our tolerance limit 15.

Figure 35: 3D rendering of a quarter cavity geometry with mesh distribution. The depicted

mesh has a predefined Fine element size with additional Free Tetrahedral mesh distribution

nodes with 25 elements along the mirror cutline and 5 elements along the support points.

3.5 Cavity Mounting

To ensure that the cavity can realize thermal-noise-limited performance its vibration sensitiv-

ity needs to be sufficiently small. The mounting of the cavity is crucial to reach the simulated

acceleration sensitivities of the cavity. An imbalance in the loading force on the four supporting

points spoils the simulated optimized vibration sensitivity. Unfortunately, using four support

points makes the supporting plane over-constrained, which actually induces unequal loading

of the four support legs [56; 13]. This is especially concerning since in practise slight height

imperfections of the supporting legs or machining imperfections of the spacer will cause unbal-

anced loading.

To combat the loading imbalance an effective three-point mounting strategy can be imple-

mented as shown by Häfner et al. [62]. The over-constrained mounting with four support points
15The work of Amairi presents a similar estimation of the meshing error [56].
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Figure 36: 3D rendering of the effective three-point mounting structure. The ULE spacer rests

on four Viton balls resting on two U-shaped ULE supports. The first U-shaped support has two

cylinders that contact the ULE baseplate, while the second U-shaped support only has one.

This allows the cavity to rotate along the optical axis to automatically balance the load on the

support points. This mounting strategy was adopted from the work of Amairi [56].

can be turned into a self-balancing mounting structure, balanced on three points as shown in

figure 36. The presented mounting method was adopted from the work of Amairi, where it was

implemented for a rectangular ULE cavity [56].

In the three-point mount the ULE cavity spacer rests on four Viton balls which are placed

on two U-shaped ULE supports. The first U-shaped support has two cylinders that contact

the ULE baseplate, while the second U-shaped support only has one. Because the contact is

made by cylinders they allow a degree of freedom for rotation along their long axis. This allows

half of the cavity to rotate along the optical axis which automatically balances the load on the

support points.

By opting for contact cylinders instead of spheres, we have only allowed for self-balancing

along the longitudinal axis. To achieve a fully self-balanced structure, the ULE baseplate

contacts the first inner heat shield with three spheres placed such that the center of gravity

of the mounted cavity overlaps with the center of mass of the triangle the spheres form. The

technical drawings of the cavity mounting structure are given in appendix B.
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3.6 Thermal sensitivity

In addition to vibrations, other external environmental perturbations, like temperature and

pressure fluctuations can alter the cavity length. The variations in temperature are coupled

to the length of the cavity by thermal expansion or contraction of the cavity spacer, mirror

substrates and annuli. The property that describes the thermal expansion of a material with a

change in temperature T is the coefficient of thermal expansion (CTE) α(T). A certain change

in temperature ∆T = T f −Ti then produces a fractional length change of

∆L
L

=
∫ T f

Ti

α(T)dT, (73)

for a small temperature change, this reduces to

∆L
L

=α(T)∆T. (74)

The resulting length fluctuations due to temperature fluctuations can thus be reduced by choos-

ing materials with a small CTE. For the cavity spacer, the typical choice is ultra-low-expansion

(ULE16) glass, since it has a small CTE with a zero-crossing around room temperature, which

eliminates the need of a cryogenic system. The CTE of ULE is approximated to second order

by

αULE(T)= a(T −T0)+b(T −T0)2, (75)

where a and b are the linear and quadratic temperature coefficients which are approximately

2 ·10−9 K−2 and −1 ·10−11 K−3 respectively for ULE. The zero-crossing temperature is denoted

by T0, this is the temperature at which the CTE crosses zero, where there is no expansion or

contraction ideally. The zero-crossing temperature for ULE is specified to be around 20◦C [53].

The mirror substrates are made from fused silica (FS), in order to reduce the thermal noise

floor of the cavity, as is discussed in section 3.1. Fused silica does have a significantly higher

CTE compared to ULE, namely αFS(T) = 500 ·10−9 +2.2 ·10−9(T −T0) K−1. This causes the

effective CTE αe f f of the cavity to differ from that of ULE αULE. Since the CTE of FS is much

larger than that of ULE, the mirrors will experience much more thermal expansion compared

to the spacer they are optically contacted to. This will result in stress building up in the mirror

substrate for a change in temperature. This stress will be partially relieved by deformation

of the back side of the mirror, resulting in outward bulging of the mirror since the back is not

directly attached to the spacer. For the combined ULE spacer and FS mirrors the effective CTE

is given by

αe f f (T)=αULE(T)+δdsb

L
[αFS(T)−αULE(T)] , (76)

16ULE ® is a registered brand of ultra-low-expansion glass made with TiO2 doped silica from Corning Inc.
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where dsb is the diameter of the mirror substrate, L the spacer length and δ is the coupling

coefficient, which assumes a linear stress-strain relation between spacer and mirror and only

depends on the geometry and material properties of the cavity [53]. The effective CTE will be

larger compared to that of ULE alone since the CTE mismatch (αFS −αULE) is positive and

the slope of the CTE is positive as well. This means that the zero-crossing temperature T0 for

the effective system, consisting of the ULE spacer + FS mirrors, will be lowered compared to a

cavity made completely of ULE. The thermal expansion can be simulated with COMSOL, the

shift in zero-crossing temperature going from ULE to FS mirrors is shown in figure 37.

280 285 290 295 300 305
Temperature T (K)

1
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2

3
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L/
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1e 7
Full ULE
ULE + FS
ULE + FS + ULE Annulus

Figure 37: FEM Simulation of the cavity length change ∆L
L due to thermal expansion for a

cavity with an ULE spacer and ULE mirrors (in red), an ULE spacer and FS mirrors (in blue)

or an ULE spacer with FS mirrors combined with ULE annuli optically contacted to the back

of the mirrors.

By opting for FS over ULE mirror substrates, we lower the thermal noise floor since FS

has a lower mechanical loss factor, as discussed in section 3.2.1. From the simulation we can

verify that this has the unwanted consequence of shifting the zero-crossing temperature T0

further from room temperature. To reduce the influence on the effective coefficient of thermal

expansion, we can attach ULE rings to the back of the FS mirrors.
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3.6.1 ULE annulus

To combat the zero-crossing temperature shift Legero et al. proposed to attach ULE rings, also

referred to as annuli, to the back of the FS mirror substrates [53]. The ULE annuli reduce

the effective CTE back to that of the ULE spacer. The deformation of the mirror substrate is

largely suppressed by the ULE annulus as depicted in figure 38. The resulting suppression of

the zero-crossing temperature shift in comparison to a cavity without ULE annuli is shown in

figure 37.

(a) FS mirror substrate (b) FS mirror substrate + ULE annulus

Figure 38: Thermal expansion due to ∆T = 1 K, either without (a) or with (b) ULE annulus

with an inner diameter of dring = 9 mm, attached to the backside of the fused silica mirror

substrate.

3.6.2 Heat transfer modelling

Besides choosing materials with low CTE, we can also aim to reduce the thermal fluctuations

that the cavity experiences. This is achieved by implementing a cavity housing which is ther-

mally isolated against external temperature changes. Heat transfer under vacuum conditions

will predominantly have conductive and radiative contributions. The conductive heat flow q̇con

from a system at fixed temperature T1 towards a system at T2(t), through a material with

thermal conductivity λ, cross-sectional area A and length l, is given by17

q̇con =λA
l

[T1 −T2(t)], (77)

To reduce the effect of conductive heat transfer we can choose materials with low thermal
17Valid for conductive heat transfer through a prismatic or cylindrical object.
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conductivity and minimize the contacting surface between connected materials in the cavity

housing. The heat transfer due to radiation q̇rad from a surface with area A1 to a different

surface A2 which have a temperature of T1 and T2 respectively, is determined by the law of

Stefan-Boltzmann, given by

q̇rad =σSB

(
1

A1ϵ1
+ 1

A2ϵ2
− 1

A1

)−1
· [T4

1 −T2(t)4]
, (78)

where σSB = 5.6703·10−8 Wm−2K−4 is the Stefan-Boltzmann constant and ϵ1/2 is the emissivity

of surface A1/2. The emissivity of a surface defines the ratio of the energy radiated from a

material’s surface compared to that radiated from a black body. A perfect reflector will have

ϵ = 0, while a perfect emitter or black-body, has ϵ = 1. So the heat transfer through radiation

can be reduced by decreasing the emissivity ϵ of the surfaces of the cavity housing. This can

be achieved by polishing the surfaces and using highly reflective surface coatings. For small

temperature fluctuations∆T = T1−T2(t)≪ T1, the radiative heat transfer can be approximated

to first order as

q̇rad = 4σSBT3
1

(
1

A1ϵ1
+ 1

A2ϵ2
− 1

A1

)−1
·∆T(t). (79)

Combining the expressions for the conductive and radiative heat transfer of system (1) at fixed

temperature T1 acting on system (2), the variations of T2 in time will be given by

C2
∂T2(t)
∂t

= q̇con + q̇rad (80)

=
(
λ

A
l
+4σSBT3

1

(
1

A1ϵ1
+ 1

A2ϵ2
− 1

A1

)−1)
·∆T(t) (81)

= κ12 ·∆T(t), (82)

where C2 = M2 · cp is the thermal capacity of system (2) with M2 and cp its mass and specific

heat, and κ12 gives the total heat flow from system (1) to (2). This differential equation is solved

by an exponential with characteristic time constant τ12 = C2/κ12. This system will effectively

function as a low-pass filter for temperature fluctuations between the two systems. When

temperature fluctuations happen on a faster time scale than τ12, the fluctuations are damped

with an effective cut-off frequency of 1/τ1. Typically ultrastable cavities make use of several

heat shields, such that multiple first-order low-pass filters, with differing time constants are

combined in series to strongly attenuate any temperature fluctuations [17; 56; 14].

A cavity that has two inner passive heat shields and an additional outer actively stabilized

heat shield is shown in figure 39. The heat shields act as heat capacitance which behaves

effectively as a low-pass filter for short-term temperature fluctuations. The time-dependent

thermal behaviour of the heat shields and cavity can be determined by a set of coupled differ-

ential equations that take the conductive and radiative heat transfer mechanisms into account.
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For the active heat shield at a fixed temperature T3, the passive heat shields at temperature

T2 and T1 respectively and the cavity at Tc, the system of coupled differential equations are

given by

Cc
∂Tc(t)
∂t

= κ1c[T1(t)−Tc(t)], (83)

C1
∂T1(t)
∂t

= κ21[T2(t)−T1(t)]−κ1c[T1(t)−Tc(t)], (84)

C2
∂T2(t)
∂t

= κ32[T3 −T2(t)]−κ21[T2(t)−T1(t)]. (85)

The general solution for the temperature of the cavity Tc(t) is given by

Tc(t)= A · e−t/τa +B · e−t/τb +C · e−t/τc . (86)

The time-evolution of the temperature for a small change in the temperature of the active heat

shield ∆T and an initial cavity temperature offset Tc(0) can given by

Tc(t)= Tc(0)+∆T

(
1− τ2

a

(τa −τb)(τa −τc)
· e−t/τa + τ2

b

(τa −τb)(τb −τc)
· e−t/τb − τ2

c

(τa −τc)(τb −τc)
· e−t/τc

)
.

(87)

This gives the temperature response normalized to the absolute temperature change ∆T.

Now with the understanding of the heat transfer process, we can design a cavity enclosure

and simulate its behaviour to temperature changes.

3.6.3 Heat shields design

To minimize the radiative heat transfer between consecutive heat shields, the surface emissiv-

ity should be as low as possible. Further, to ensure that the temperature distribution along

the cavity is as homogeneous as possible, the heat shields themselves are made from highly

conductive materials such as aluminium λAlu = 235 W m−1 K−1. The aluminium plates that

make up the heat shields are polished to reduce their surface emissivity, typically to ϵ ≈ 0.03.

The masses of the three heat shields made from 10 mm thick aluminium plates are M3 ≈ 14

kg, M2 ≈ 10 kg and M1 ≈ 7 kg from outer to innermost heat shield. The specific heat capacity

of Aluminium is cAlu = 0.897 kJ kg−1 K−1 such that the thermal capacity of the three shields

is given by C3 ≈ 12.4 kJ K−1, C2 ≈ 9.11 kJ K−1 and C1 ≈ 6.27 kJ K−1 respectively. The cav-

ity itself has a mass of approximately Mc ≈ 3.3 kg and the specific heat capacity of ULE is

cULE = 0.767 kJ kg−1 K−1. Hence, the cavity will have a thermal heat capacity of C ≈ 2.53 kJ

K−1. A summary of the relevant properties of all the materials used are given in table 6.

To combat the conductive heat transfer between the heat shields and the cavity base plate,

they are separated by Teflon spheres. Teflon acts as an insulator with a relatively poor thermal

conductivity of λ = 0.25 W m−1 K−1. The spheres are positioned in a balanced three-point
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Table 6: Relevant properties of the materials used for the construction of the heat shield design.

Material Density ρ Thermal conductivity λ Emissivity ϵ Heat capacity c

g cm−3 W m−1 K−1 J g−1 K−1

Aluminium 2.71 235 0.03 0.897

ULE 2.21 1.31 0.92 0.767

Viton 1.85 0.235 - 1.65

Teflon 2.29 0.25 - 1.01

configuration such that the center-of-gravity of the cavity mounted on the base plate, overlaps

with the center-of-mass of the triangle the spheres form. An overview of the mounted cavity

inside the three heat shields is shown in figure 39.

Figure 39: 3D rendering of the ULE cavity and mounting system placed inside three heat

shields; an active temperature stabilized outer shield and two passive inner heat shields. The

cavity base plate and heat shields are separated by spheres placed in a balanced three-point

mount configuration.

To estimate the temperature response of the cavity to a change in temperature of the out-

ermost active heat shield, we do a FEM simulation in COMSOL. We simplify the simulation by

only considering the dominant radiative heat transfer mechanism, which is a good approxima-

tion since the amount of contact area between the insulating spheres is minimal. Furthermore,

in the simulation, we disregard the influence of windows or vent holes in the heat shields. We

apply a temperature of T = 303.15 K to the outer boundary surface of the active heat shield

while the inner heat shields and cavity start at a temperature of 293.15 K imposing a tempera-

ture step of ∆T = 10 K. The evolution in time of the temperature of the heat shields and cavity
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is depicted in figure 40, where we normalized the temperature step with [T(t)−T(0)]/∆T. A fit

to the curve of the cavity temperature is made following equation 87. The resulting time con-

stants are found to be ta = 1.32 d, tb = 0.85 d and tc = 6.43 d. We can see that only considering

radiative heat transfer it takes up to 15 days for the temperature of the cavity to equilibrate to

the applied temperature step at the active heat shield.
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Figure 40: FEM simulation of the normalized temperature response of the heat shields and

cavity due to radiative heat transfer only. The cavity temperature is fitted with equation 87,

the best fit time constants are ta = 1.32 d, tb = 0.85 d and tc = 6.43 d.
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4 Optical layout for the stabilization of the clock laser

In figure 41 the provisional optical layout of the optical reference cavity is depicted. The differ-

ent feedback mechanisms are color coded for clarity. The laser light passes an optical isolator

and an AOM that stabilizes the frequency to the cavity resonance using the PDH technique,

depicted in blue. Afterwards a portion of the total optical power is sent towards the cavity by

a polarizing beam splitter (PBS) cube and is fiber coupled. The fiber contains an additional

AOM that corrects for accumulated (fiber) phase noise, depicted in yellow, and also stabilizes

the light intensity, depicted in purple. The fiber runs from the laser board to the active vi-

bration isolation platform where the ultrastable cavity is placed. The light coming out of the

other end of the optical fiber is phase modulated by an EOM, creating the sidebands required

for the PDH lock. The RAM that the EOM causes is detected by splitting of part of the light

using a PBS and measuring the light intensity with a photodiode (PD). From the PD output, a

feedback signal is continuously given to the EOM to actively suppress the RAM as described in

section 2.5.2. Next, the light passes through a coupling lens (CL) that ensures a good coupling

into the cavity. From there the light goes trough an optical isolator that is used to split off the

back reflection from the cavity to create the PDH error signal, depicted in blue, as highlighted

in section 2.5.1. The light that is transmitted through the cavity is split into two paths by a

beam splitter. One path goes to a CCD camera and the other path goes towards two separate

PD’s. The light transmitted by the second beam splitter is detected by a photodiode that mea-

sures the optical power and provides a signal for the power stabilization to feedback to the fiber

coupled AOM. The residual reflected light passes a PBS where it is overlapped with light from

the second branch that is effectively free from fiber noise by active cancellation, as introduced

in section 2.5.3. The phase noise of the cavity branch is suppressed by locking the phase of the

cavity branch to the fiber noise cancelled branch with a phase-locked-loop (PLL).

The resulting frequency stabilized light is sent through an optical fiber with FNC to the

frequency comb for distribution and comparison and to the atoms in the 1D optical lattice to

create a clock signal.
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Figure 41: Preliminary schematic of the optical setup of the 30 cm ULE cavity. The setup

consists of a cavity branch, split off by the first PBS after the laser, and a fiber noise cancelled

branch, split of by the second PBS on the top. Depicted in blue: PDH stabilization, green: active

RAM suppression, purple: power stabilization, yellow: cavity branch fiber noise cancellation.
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5 Summary & Outlook

The goal of this project is to design and build a new ultrastable optical cavity to provide a short

term frequency reference for a strontium clock laser at 698 nm. The aim for this cavity is to

be able to provide thermal-noise-limited frequency instability of σy < 3 ·10−16 at 1 second of

averaging time. In the future, this oscillator could be used as a new frequency standard for

the Netherlands, distributed over fiber-links. A frequency comb will be used to transfer the

stability of the clock light at 698 nm to the telecommunication C-band range around 1550 nm.

In this work, we have provided the theoretical background necessary to understand the

working principles of an optical cavity and how to stabilize a laser to a cavity using the PDH

technique. Further, we have seen different noise sources that require active suppression and

how to implement active compensation schemes. We have seen how to transfer the stability of

one laser to another which are separated far in frequency using a frequency comb and how to

compare the instabilities of multiple oscillators.

Next, we went through the design process of the ultrastable cavity. We have shown the

current limitations of modern cavities, hindering the further reduction of the thermal noise

floor, namely, Brownian noise and looked into the influence of different materials and mirror

configurations on the noise floor. Here we arrived at a cylindrical cavity geometry with a length

of 30 cm, to be able to reach the projected frequency instability.

To ensure that the cavity reaches its projected thermal-noise-floor it needs to be made in-

sensitive to external perturbations, in particular, vibrations. To achieve this, the mechanical

instability was investigated using finite-element method analysis in COMSOL. A theoretical

model for the response of the cavity length to accelerations was made based on the Poisson

effect and mirror tilt. The cavity geometry was varied and an optimal spacer diameter of 8 cm

was found. Furthermore, the optimal supporting points were determined at dx = 61.35 mm

and dz = 3.75 mm. This resulted in the following acceleration and tilt sensitivities gradients
δkz
δdz = 7.3 ·10−11 g−1 mm−1, δκz

δdx = 7.0 ·10−11, δκy
δdx = 7.3 ·10−11 and δκx

δdz = −8.1 ·10−11 g−1 mm−2.

In addition, a self balancing mounting structure design for the cavity was made.

The thermal sensitivity of the cavity was investigated by creating a model that formulates

an effective coefficient of thermal expansion. The relative cavity length change ∆L
L was sim-

ulated using COMSOL at differing temperatures. The ability of ULE annuli attached to the

backside of the fused silica mirror substrates, to compensate the zero-crossing temperature

shift was investigated.

Furthermore, the effectiveness of a three-layer aluminium heat shield design was simu-

lated. First, a theoretical model that describes the radiative and conductive heat transfer was

formulated and a time dependent temperature expression for the three heat shields and cav-
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ity was found. A geometrical model of the heat shields surrounding the cavity was made in

COMSOL and the time dependent radiative heat transfer response was found by applying a

temperature step to the outermost boundary of the active heat shield. Lastly, we propose the

preliminary design of the complete optical setup surrounding the cavity, including the PDH

laser stabilization, fiber noise cancellation, active RAM suppression and power stabilization.

Currently, the ULE material has been ordered from Corning, after which it will be send

to Optrovision, who will machine the spacer and mounting structure from the block of ULE.

Next, the cavity mirrors need to be optically contacted to the polished spacer ends. Possibly, to

expedite this process, the optical contacting can be done by an external company. Concurrent

to this the heat shields with active heating elements and vacuum chamber designs need to be

finalized and machined.

In the future, when the optical cavity is operational, it needs to characterized and its sen-

sitivity to external perturbations needs to be investigated. This is typically accomplished by

exacerbating the perturbation and measuring the resulting frequency instability compared to

a second reference oscillator.
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A Power spectral density & Allan deviation

The power spectral density (PSD) can be calculated using the autocorrelation function Ry(τ) of

the frequency fluctuations, it is defined as

Ry(τ)≡∆ν(t+τ) ·∆ν(t)= lim
T→+∞

1
2T

∫ ∞

−∞
∆ν(t+τ) ·∆ν(t) dt (88)

The Wiener-Khinchin theorem states that the two-sided PSD S2−sided
y ( f ) can be calculated by

taking the Fourier transform of the autocorrelation function Ry(τ) [63]. This Fourier transform

pair is given by

S2-sided
y ( f )=

∫ ∞

−∞
Ry(τ)e−i2π f τ dτ, (89)

Ry(τ)=
∫ ∞

−∞
S2-sided

y ( f )ei2π f τ d f . (90)

In an experiment only the positive frequencies are of interest, so the two-sided PSD is related

to the one-sided PSD simply as

Sy( f )≡ 2 ·S2-sided
y ( f ). (91)

To characterize the stability of an oscillator one can measure the fractional frequency fluc-

tuations y(t) by taking N samples that each have been averaged over a time interval τ, with a

time T between each measurement [50]. The N-sample variance is given by

σ2
y(N,T,τ)≡ 1

N −1

(
N−1∑
i=0

[
y(iT +τ)− y(iT)

τ

]
− 1

N

[
N−1∑
i=0

y(iT +τ)− y(iT)
τ

]2)
, (92)

= 1
N −1

(
N∑

i=1
y2

i −
1
N

[
N∑

j=1
y j

]2)
. (93)

The Allan deviation is simply the two-sample N = 2 variance with zero dead time T = τ, given

by

σ2
y(τ)≡

〈
σ2

y(2,τ,τ)
〉
= 1

2(N −1)

N−1∑
i=1

(yi+1 − yi)
2, (94)

where 〈...〉 denotes the expectation operator. By looking at the behaviour of the Allan deviation

σy(τ) as a function of τ it is possible to identify dominant noise processes. However, the Allan

deviation is unable to separate flicker phase noise and white phase noise since they present the

same τ scaling at high Fourier frequencies. To be able to distinguish these two, the modified

Allan variance Mod σ2
y(τ) is used, given by

Mod σ2
y(τ)= 2

∫ ∞

0
Sy( f )

sin6(π f τ)
(π f τ)4 d f , (95)

which was introduced by Allan and Barnes [64].
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B Technical drawings cavity & mounting structure
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